HOANG NGOC ANH

NHUNG VAN DE CO BAN

VA UNG DUNG

CUABATDANG THUC

Tai liéu nay dwoc viét danh cho cdc ban hoc sinh chuyén Todn, Todn-Tin, cdc thiy co gido
day Todn va cdc ban sinh vién Dai hoc, Cao Dang, cdc ban tré yéu Todn.
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VAN DPE 1: UNG DUNG CUA BAT PANG THUC AM-GM

AM-GM hay con c6 tén goi la bdt Co-Si! Ung dung ctia bdt nay rat da dang va
phuong phap st dung bdt nay kha hiéu qua trong viéc chitng minh cdc bai todn bdt
hai bién s6 hodc ba bién s6. Sau day, chung ta sé cung tim hiéu nhitng ich loi ctia bdt
duoc xem la mdt cong cu manh nay.

Vidu 1.
Cho a,b,c la cac so thuc duong thoa man diéu kién ab+bc+ca=1 va u,v la cac

s0 duong c6 dinh. Tim gia tri nho nhét cua biéu thire

’. . )
P=ua  +vbh™ +c".

Loi giai.

Mot cach tur nhién tir 1o giai cua Bai toan 1, ta phén tich
u=x+yyv=z+tl=m+n

trong do x,y,z,t,m,n la cac sd duong s€ chon sau.

Ap dung bat dang AM-GM cho 2 sd duong, ta c6
xa®+th* 2 "’\Eﬂ'b,

2 2
va~ +nc” 22,/ ynca,

’. 5
zh” +me” 2 2+{zmbc.

Cong vé cac bat dang thire trén, ta nhan duoc

P= ”\/Ec?b + 2\/;&}' + 2+/zmbec.

xa® =th’

k z . . .. : . 1 3
Dau dang thue xay ra khi va chi khi § ya™ = nc

) vl
zh” =mce”
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d—=— = xzn = ytm. (1)
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2
z _c
m b

Chon x,y,z.t,m,n saocho xt=yn=zm= k* thoa man (1).
Ta co

e (x+y)z+t)im+n)=uv

S (xz+xt+yz+yt)(m+n)=uv

<> xzm + xtm + yzm + ytm + xzn +Xtn + yzn + ytn = uv

& (x+y+m+n+z+0)k* +2xzn=uv

~::‘;-(1,{r-|—'u+1),l'fc2 +2xzn =uv
Ma (xzn)(utm)=k® nén xzn=k>.
Do do

2k +(u+v+Dk* —uv=0 (2)

R6 rang (2) ¢d nghiém duong duy nhét k.

Vay minP = 2k, voi k, la nghiém duong duy nhat cua phuong trinh (2).

Vidu 2:

Cho x,x5,...,x, la cac s0 thuc thoa min diéu kién x +x,+...+x,=0 va

|x|+ |xa| + ... #]x,| =1. Tim gié tri I6n nhat cua biéu thirc

P= H ‘xr. —xJ..‘.

I=i< j=n

Loi giai.
+ Trudmg hop 1. n =2 la truomg hop tam thuong vi luc nay P = 1 khong doi,

+ Truomg hop 2. n =3, khéng mat tinh tong quét ta gia st Tl S

Ap dung bat dangthirc AM-GM cho 3 s6 khéng am, ta co



www.VNMATH.com

2
’ 3
X=X
(x; _Il}"‘( 3 : ]"‘(3‘73 =X,)
E =
3
LY
(x, —x ]J
_ 3 1
. 2
1
<
8
) ]
Dodo P<—
4
]
X =——
X +x,+x,=0 1 7
Pang thire xay ra khi va chi khi <|x, —x1|= |x]|+ |x3|+ xl=l ©4x=0
Xy _x] = [] —l
Viy
]
maxpP =—.
4
+ Trudng hop 3. n =4, mot cach tunhién ta du doan rang max P dat duoc khi
I-, = —X.

Fr: -3 . A
Vi gia thiét x; < x, <x; < x,.

Nhu véy thi x, —x, =x, — x,.
Néu xem hiéu x, —x, =x, —x, la don vi va dat x,—x, =a, thi ta sé co bo bién ma

biéu thire P dat max can thoa man diéu kién

=y —x _ESTH _ KT XX XX
X, =X,

X, =X =
- a+1 a a+1 a+2

2 1

Tir cach phan tich trén, o1 giai cua bai toan trong truong hop n =4 sé nhu sau

Voi gia thiet x, <x, <x,<x,,taco

P =(x, =x )(xy = x )(x, =x, )(xy =X, )x, — x, ) x, — x3)
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Do do
P —
a(a+2)a+1)
=(x, — X, ). (x; —I]}L(xd —X) L(Ia —X,) L(I4—x2)t(
) a+1 a+2 a a+1

| (13—x]}+(x4—x]}+(x3—x3)+(x4—xj)

X, —Xx )+
( i ]) a+1 a+2 1 a+1

Xy = X3)

+ (x4

|

-x;)

6

b,

((x4—x])[l+ ! + l ]+{—l+l+ ll](J@—xE}

a+l a+2

b,

Ta chon g > 0 sao cho

] ] ] 1
1+ + ==l+—+
a+l a+2 a a-+]l

hay @ =+/2 —1. Khi do,

11 1 1 32

1+ + =-1+—+ =
a+1 a+2 a a+l 2

va ta thu duoc

1
hay PEF

Diang thire xay ra khi va chi khi

XN+x,+x3+x, =0

ShE G +x4|=|x]|+|x3|+|x3|+|x4|=l

A

‘{'—"{.'-, ‘C—'{.'] J{.'4—J-, 't']}U

X, =X, =X = =M
.42 TR J_ | J2 V2 \EH
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Giai hé phuong trinh nay ta nhan duoc -

Két luan

1
maxpP = —.
-8
+ Truong hop 4. n=35.
Phan tich.
Vi gia thiét x, <x, <x, € x, < xg, tr lo1 giai cua cac truong hop 2 va 3, mdt cach
tr nhién, ta nghi ngay rang b so dé P dat max la x; =—x,,x, =—x,,x, =0.
Do viy x;—X, =X, —X,,X;— X, =X, — X, tir d0 ta c6 thé dodn nhén ring néu xem
hi¢u x, —x, bang don vi va x;—x, bang a thi bo so dé P dat max can phai thoa
diéu kién

I-, —I]

Xy =Xy _Xa=X X=X _Xs—XH _

1 a a a+1 a+1

2a 2a+1 2a+1  2a+2 |

Tir cach phan tich trén, 101 giai cua bai toan trong truong hgp n =35 sé nhu sau
Khong mat tinh tong quét, ta gia su X £X,Sx,<x, <x,, trdosuyra
P = = x )2 = x; ), —x (x5 — %, (% —x,)X
XX, =X N —x, WX, —x Wx, —x )0x —X, )
Xét biéu thirc
P
4a*(a+1Y(2a+1)

Viét O dudi dang

0=

(X —x) (-x) (x-x) Os-x) (5 -x)

Q:

. . . X
1 a+l 2a+1 2a+2 a

K[L—L__] (X5 _-T:-.]I[Lf_xz.]I[-Ts_-rz.]l{xs_xﬂ

2a 2a+1 a a+l1 1

Ap dung bat dangthirc AM—GM cho 10 s6 khong 4m, ta cd
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0< | {[Ij-x])_'_[IE-I])+[x4-x])+[xi-x])+[x3-x2)+
10" l a+l 2a+1  2a+2 a

+

10
(%, —I3)+[I5 -x2)+[x4-x3) +[x5-x3)+[x5-x4)
2a 2a +1 a a+1 |

10
=% (xs—x,) 1+ : + s +[x4-x,)[-l+ : +i]
10 2a+1 2(a+]) " 2a+1 2a

Chon g >0 sao cho

1 3 1 3
+ =— +—
2a+1 2(a+]) 2a+1 2a
1 as
hay a=;.Kh1 do,
1 3 1 3 5
+ =- +—==
2a+1 2(a+1) 2a+1 2a 2
4P
0="-
_ 27
Tir day, ta thu duoc
1 (5 VO
Qo< o .(E.(—x] —x1+x4+xi}J < S5
: 27
Do do PE_}H
Diang thirc xay ra khi va chi khi
Xt Xy + X+ X, + X, =0
|—J4::]—J4n:2 +x4+x5|=|x]|+|x3|+|xg|+|x4|+ x| =1
J 2Ax,—x X, —X £ X:—X
X, =X, = (J ]}= 4 1 _ 75 ]=2(I3—I3)=
3 2 3
X — X 2x. —x
=Xy =Xy == 2=2x,—x) = (‘3 J}=xﬁ—x43_>ﬂ
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3
‘C] = —Ii = _g
Giai hé phuong trinh nay ta nhan duoe < x, =—x, = e
x, =0
Két luan
27
maxFf = o

Nhan xét.

Bing phuong phép tuong tu sé tim dugc 1o giai cua bai toan véi n = 6.

Vi du 3.(V6 Quéc Bé Cin)

Cho m,n, p la do dai ba canh cua mot tam giac cho trude va tam giac 4B8C nhon.
Tim gié tri nho nhat cua biéu thic

P=tg"Atg"B.tg”C.

Loi giai.

Xét biéu thire
1 . . i
Q= = =cotg" Acotg" B.eotg”C.

Bai toan di cho twong duong voitim max cua Q.
Khi nhin thay biéu thirc Q, it nhiéu ta ciing nghi dén dang thirc quen thude
cotgAd.cotgB +cotgB.cotgC +cotgCeotgd =1
Va tir ddy, ta nghi ngay ring bai nay c6 thé dung bat ding AM-GM suy réng, do d6
ta dua vao céc tham s6 duong x, y,z (chon sau) sao cho
O = (cotgA.cotgB)" (cotgB.cotgC)’ (cotgC.cotgd)”
= (cotgA)**.(cotgB)" .(cotgC)"™".

Ta phai chon x, v,z sao cho
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1
I=;.{m+n—p]
xX+z=m =
1
x+y=n <=:>%y=;.{—m+u+p].
y+z=p -
1
z=;.(m—u+;:r]

Tir ddy, ta co

0 [cutg4.cutgﬂ Jr {cutgﬂ.mtg{f ]y [cuth.mtgA Jz

x.‘CJ:_'p'ZZ' x J-’

-
e

Ap dung bat ding thirc Cauchy suy rong, ta cd

< 1 = L[I(cutgd.mtgﬂ J +J;[cutgﬁ.mth }r z(cuth.mtg‘{I D

X V z

R+

W=+ H+R=p

S (x+y+z)™" (m+n+p)
: (—m+n+p)""""P(m—-n+ p) (m+n—p)
Diang thirc xay ra khi va chi khi

cotgd.cotgB  cotgBcotgC  cotgC.cotgA

x )% z

Hay

.mtg:j =\/ - _J (m—n+p)m+n-p)

y(x+y+z) - (—m+n+p)m+n+p)
cotgB = xy _ (—m+n+p)m+n—p)
z(x+y+z) (m—n+p)Ym+n+p)

cotgC =\/ yz _ \/(m —n+p)—m+n+p)

x(x+y+2) - (m+n—p)(m+n+ p)

A,

8
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Két luan

MHEp

(m+n+ p)

—mthE

minP =

= Fit mtH—-p "

(—m+n+p) (m—n+ p) (m+n-—p)

Vi du 4. TST-2001
Cho a,b,c >0 va 2lab+2bc +8ca <12. Tim gia tri nho nhét cua biéu thirc

1 2 3
P=—4—+-—
a b ¢
Loi giai.
. 2 o ae 1 2 3 . . T
Phan tich. Dé don gian, ta sé dat x=—,y = E,: = — thi ta nhan dugc mot bai toan
a ¢

trong duong nhu sau
“x,7,z>0 va 6x+12y+ 21z <6xyz . Tim gia tri nho nhat cia biéu thirc
P=x+y+2z."
Nhan théy tir gia thiét 6x+12y+ 21z < 6xyz, ta cd thé suy ra dugc
x"y'zP 2k (m,n, p >0)
Do d6 ta nghi ngay rang bai nay co thé stir dung bat ding AM-GM suy rong duogc.
That vay

-

P=m2inis p.—

m n 2
1
P\'m+r+p
l*(m+u+p)( ‘ (—‘ (
M
N J
1
k \'m+n+p
Z(m+n+p) ———
m'n"p?

Nhu vy, nhiém vu cua ta bay gio chi la phai tim m,n, p nira thoi.

R6 rang, ta chi can xét m+n+ p =1 la du. Khi do, ta ¢cd
bxyz = 6x+12y+21z

—6om=+12nL + 21;}.i
m n 2,
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1

r\lﬁm J:\I]Err ,\,E]FJ\'m
> (6m +12n+21p) (—J (—J {—J J
m n 2
- 6m .
om+12n+21p
12
o : . 1- ! = kn
Dé tim m,n, p ta cdn phai giai hé sau <  6m+12n+21p
21
1— P =kp
om+12n+21p
m+n+p=1
Hay
|- om =2m
bm+12n+21p
12n m=l-n-p

o

=2n ,
6m+12n+21p & 4n +10np+6n-5p =2
1 21p -

_Spj +2np—-n+3p=1
om+12n+21p

m+n+p=1

4n” +10mp +6n-5p =2
Xéthg (*)4 ;
Sp +2nmp—-n+3p=1
Qt+35)p +(3-t)p=1

Dat n=tp (t>0), hé (*) tro thanh \ \
(4" +10t) p~ +(6t=5)p=2

Lay (2)-2x(1), ta duoc
p((4t> +61—-10)p +8 —11) =0

Néu ¢ =1 thi hé (*) vo nghiém, do d6 ¢ #1.

118
47 + 61 —10

= p

11
Do p>0,f>0 nén I{I{E.Tha}f (3) vao (1) va thu gon, ta dugc

10

(1)
(2)

(3)
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16¢% =126 —14612 +30t+175=0
o (41-5)2t+ 522 -4t-7) =0

5 11
St=— (dol<t<—)
4 8
(2
m=7
o)
Tirdé,tac:éu?:l . Thur lai, ta thay thoa.
4
) =—
P=1s

5x 15z
—=3J:=—
>4 2 4
6x +12y+21z = 5xyz
x=3
L8
Y73
z=2
|
a=—
3
4
::.-:f]:T
5
3
c=—
2

Tir cac phan tich va chon tham s6 trén, ta di dén mot lo1 giai cuc ky don gian nhu
sau
4

1 3., 22
Dit a=—,b=—,c=—, bai toan chuyén vé
Ix S5y 2z

“x,1,2>0 va 3x+3 y+ 7z <15xyz. Tim gia tri nho nhét cua biéu thirc

P =%.(6x+5;#+4z).”
11
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Ap dung bat dang AM-GM cho 15 sé duong, ta cd

- = -

15xyz > 3x+ Sy+ 7z 2158 x° vz’

Lai ap dung bat dang thirc AM-GM cho 15 s6 duong, ta co

1 15, ; 15
- — Sy +dz)> = 130 - 5 0
P j.(6x+:}; +4z) = " Nx"y'z" = "

e e e

1
a=—
3
: . . . g |XTVE=Z +
Dang thire xay ra khi va chi khi ¢ _ ) S x=y=z=l<b=—.
15xyz =3x+5y+7z 5
3
c=—
2
Két luan
: 15
minf =—.
2

VAN DE 2: BAT DANG THUC CAUCHY-SCHWARZ

Bat dang thitc Cauchy-Schwarz hay con cé tén goi quen thudc la bat dang thikc
Bunhiacopxky, 1a mot bat dang thiic thuong 4p dung trong nhiéu linh vie khac
nhau ctia todn hoc, chang han c6 trong dai s8 tuyén tinh ding cho céc vector, trong
giai tich dung cho cac chudi vd han va tich phan ctia cac tich, trong Iy thuyét sac
xuat ding cho cac phurong sai va hiép phwong sai. Bat dang thitc nay c6 rat nhiéu
cach chiing minh, nhung t6i khong di sau vao phan nay ma chi khai thac triét dé

cong dung ctia no.
1. Nhitng ki thuit sir dung bdt Cauchy-Schwarz dang céng miu so

Bai toan 1: Cho a, b, ¢ 1 cac sd thuc duong. CMR:
a’ . b’ n ¢’ S atb+tc
b+c atc atb = 2

Loi giai:
Céach 1:
Dung bdt cauchy-schwarz dang cong mau s6 ta dugc

VT » fatbey_athie op
" 2(atbtc) 2

Dau “=" x4y ra khi a=b=c.

12
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Céch 2: Dung bdt Co-si ta c6

b+c
_+ —— 2 a. Tuong tu ta cling co:

btc 4

2
atc

2 _|_b
£ _+==>c. Cong 3 bdt nay lai ta dwoc DPCM.
ath 4

Dau “=" xay ra khi a=b=c. ‘
Tuy nhién nhin qua bdt ¢ dé bai, ta nén nghi ngay céach 1!

Bai toan 2: CMR: Néu a, b, ¢ 1a cac sb thuc duong thi

a b c
. + T + 70 > 1. (CSM-1999)

Loi giai:

Khi doc luét qua bai trén ta cam thay khong gidng v6i dang toan bai 1 vi trén tor khong co
binh phuong. Nhung ta 6 thé giai quyét gon gang thong qua viéc 1am cho tir s6 ctia bai toan
xuat hién binh phuong:

a 2 A2
Taco: VI = =  + 5 + v
a(b+2c) b(ct2a) c(at2b)

Ap dung bdt cong mau s6 ta co: VT> —fatbrey—
3(ab+bc+ca)
Pén déy ta cAn ching minh: (a+b+c)® > 3(ab+bctca). Pay 1a mot két qua quen biét!
Dau “=" xay ra khi a=b=c.
2. M s6 ky thuat khac
Bai 1: Cho x,y.z la basd dwong thoa 4x+9y +16z =49 . Ching minh ring;
1 25 64

T'=—+—+—2=>49
xX y z

Pang thire xay ra khi nao?
Huong dan gidi

Ap dung BDT Bunhiacopxki cho sdu sé .,v"’_,d-‘/_ 4z va \f— J_ wJ’_ ta dugc:

7 p r I ST 3

1 25 [_, &) } (1Y [ 5] (8)
= +(3 +(44/Z ) —_ = 4| —=

x [ ] { J_] { J |\J;/_,- w3 ‘\EJ

w’_—+ J_J_+4J_ 8 | .—49«

497 =(4x+9y+16z)

25
=T ——+:+E>4‘}
X Z
1
_'![':;
5 8 ;
Pang thitc xay rakhi {2x 3y 4z ==~ay=§
4x+9y+16z=49 -

-
Il

13
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Bai2:Cho x>0;y>0 va x* + " <x+ y.Chimg minh:
x+3y <2+ -\E
Huong din gidi

Gia thiét: +yv <x+ «:{ H_+[ ]‘*r ]
71 1 "L' X X— ! =
v’ v > ) 2

: e . | 1y,
Ap dung BDT Bunhiacépxki cho 2 bd sd: [];3];[.1: - E;y - 5)' ta co:

{1.[1_5”.[,,,._5}2 gml[x_%}:[y_g}s

='.>(_1|:+3_}:—2_]2 <5
= x+3y-2 S«.@
=>x+3y£2+\/§

_LL¥s
2 o . 2 10
Pang thic xay ra khi <

1,35

Y7270

Bai 3 :Cho a.b.cz20; a+b+c=1.Chimg minh:

1 1 1 1
—_— e ——230
a +b +¢ ab bc ac
Huwong dan giai
1 1 1 1

Goi A= ————+—+—+—
a - +b"+c ab bc ac

Ap dung BDT Bunhiacépxki cho 2 bé sé:

A

1 1 1 1 |
[x!'a%b-* +¢? ~ab Jbe Nea )
[u‘az +b +c3;3@;3&;3@)

Tacé: (1+3+3+3) [cz +b* +¢* +9ab+ 9be +9ca ) A

= 100< [[a+ b+ c]’+?(ab+bc+ca}j|A (*)

Ma ab+bc+ ca < %[a+ b+ c_}z — %[dﬂa+ b+c¢=1)
Do dé: (*) = 4 = 30.

Dﬁng thirc xayrakhi a=b=c= §

. > >
Bai4: Cho x;y:z>0vathoda x+ y+z <1.Ching minh : \/x‘ +T+J} +— +J +— >+/82
B »

X

14
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. . 1 . 1 .1
Goi §= \/‘f +—?+\/J~'; +—?+\/z‘ +—
X J,'_ z°

17

Ap dung BDT Bunhiacdpxki cho 2 bd sé: [];9]{_1:;— [
' X

9 > 1 > 1
Tacé: x+—<A14+8L, |37 + = = /82, ¥ + =
X 2 e

9 s 1
y+—£ﬁ. V4
y y

Z+E£v@.,||zz+iz

Hudng dan giai

Twong tu:

i A
Cong (1).(2) va (3) theo vé taduge: SA822x+v+:z +‘5{l+]— ]—)
X y =z
1 1 1)
SAI82=281(x+y+z)+9 —+—+—|-80(x+y+2z)
HEI}J 4 x y Z/.ll ,

3
32.9.3.J[x+y+z][] s | —80=162-80 =82
X

y z)

- 1 - 1 »
Vay \jx‘+ - +J a - +JZ_+—::_“'\|'|82
X y° z-

Bai 5 : Cho ba sd thuc duong a.b.c thoa ab + be +ca = abc .Chimg minh rang;

2 b 2 2 ] 2 2 b 2
\[b +2a +V’c +2b +\/a + 2c E\E
ab be ca
Huwong dan giai

2 o P 2 o P
[acd Vb +2a =Jb Jf",a =,|—+2—(do a,bduong)

ab a-b”
D“Satle =l;z=lthi

a b c
b.c>0 x;v;z>0

gia thiét e = -

ab +bc+ ca = abc x+y+z=1

va (dpem) < fx? +2y% 4432 +22° #4272 426 243
Ap dung BDT Bunhiacépxki ta cé:

- = 1]
Tuong tu 4+ 2z2° 2 —(yv+2z
g y ﬁ(} )
> > 1
24+ 2x =2 —(z+2x
5 (z+2)
Vay \/r +2y +\/y'+2v +z7 4 2% E%(3-T+3}+33}_\/§

15
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o
B -
=
=)
—
=
=n
L]
P
==L
b=
—
=]
e
.
-
Il
=
Il
b
Il
|

Bai 6 : Chirng minh: vfa—1+~+/b-1++c-1< \/c{ab+ 1) véi moi s6 thue duong a;b;c > 1
Hudng din gidi

Pit a-1=x*;b-1=y*;c-1=2z2’

V& x;y:z > 0.Bét dang thire can chimg minh tré thanh:

_t+}'+z£J[zz+])[[_rz+])[_}'2+])+]]

Ap dung BDT Bunhiacdpxki ta cé:
x+y=< J[I2+ 1)[}'2 + 1) = x4+ y+z< ,J[IE + 1)[}'3 + 1) +z
J[f + 1)[}-3 +1)+z< \[[_r3+1)[y3+ 1)+1.\.|"zE +1

Két hop (1) va (2) ta ¢cd I+_}'+ZE,J[Zz+])|:[IE+])[}'E+])+]]

Vay Ja—-1++b=1++/c—1 EJc[abH_} (dpem)

Bai 7 : Cho a;b;c > 0 vathoa abc =1.Chung minh:
1 N 1 N 1 }E
a (b+c] bl(c+a} Cl(ﬂ+b} -2

Huwong dan giai

1 1 1
Pit x=—;y=—;z=— =2xz=Lx>0y>0;z>0
a b C
—— . . L, 4l . x v z* 3
['a can chirmng minh bat dang thirc sau : A= + + > —
v+z z+x x+y 2
\
Ap dung BDT Bunhiacdpxki cho 2 bé sé : [Jy+z;\1"z+x;\/x+y); N S |
' \/y+z Nz+x \/x+y)
Taco: (x+y+ z]z <(y+z+z+x+x+y)4
x+yv+z_ 3 3 3
A2 "= "> 3fyyz = Z(doxyz = Az
= A4 5 5 Xy g[d(}"f_} 1) =4 >
Dang thirc xayrakhi x=y=z=1
Véi x=y=z=I1thia=b=c=1.
Bai 8 : Cho a;b;c > (0.Chimg minh:
a b c
+ + <1

H-I-.J(H-l—b}(H-F c) b+J(b+ c)(b+a) c+\/[c+a}(c+ b)
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Hudng din gigi

Ap dung BDT Bunhiacopxki cho 2 bd 56: [«,G,JE),[-JE,«,G)

Taco:
[J::I+\1’r_) <(a+b)(c+a)= HL+J_b<,Ii[a+b c+a)
= a+ac+~fab <a+ (a+b)(c+a)
= = Ya (1)
a+J (a+b)(a+c) H+«4"'£I+w‘r_ «J'E+-Jg+-\l‘;
Twong tu: Vlg )

b =
+,J(b+c}(b+a}_«,5+\@+\f§ (2)
e % 3)
c+.f(c+a)(c+b) NJa +4b+e

Cong (1),(2) va (3) theo Vé ta duoc:

a b c
+ <1

a+Jasb)atc) brbec)(bra) ctflcta)(ctD)

Pang thirc xay rakhi a=b=c.

Bai 9 : Cho a:h > 0vathoa a” +b° =9 .Ching minh : 2y < =
a+hb+3

Huong dan gigi

=3

oS

Tacé: a” +b° =9

< 2ab=(a+b) -9

< 2ab=(a+b+3)(a+b-3)
2ab

a+b+3

ab _ a+b 3
a+b+3 2 2

Ma theo BDT Bunhiacdpxki thi a + 5 < \("_x,r‘a +h = BJ_
ab _ W2 -3

a+b+3 2

=a+b-3

Nén

‘a:b>0
3
V2

Pang thirc xay rakhi {a’ +h* =9 e a=b=

La=b

s . I 1 1
Bai 10: Cho a;b;c:d duong tuy y.Chimg minh : —+—+—2> prq ,P*q P74
a b ¢ pa+gb pb+gc pc+ga

Hudng dan gidi

Ap dung BDT Bunhiacopxki ta cé

(p+q) U_Jp_ﬂﬂj’\/_ [ ﬁﬂﬂfb}
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Tuong tu ta chimg minh dugc
. \ , \
(;}+q]'£ £+i'(pb+{ft‘} ; (p+q}_£ £+£'(;Jr:+qa]
: b CJ : : e a :
CAng cac vé twong tmg cua ba bat ding thirc ta c6 :

(f':""‘ff}z[ : : + : j|£[;'?+q}(l+l+]_\1'

+
pa+gbh pbh+gc pc+ga a b ¢

1 1 1 11 1
Hay (p+4q) + + <—+—+-—
| pa+gh pb+gc pc+ga|l a b c

1 1 1 + + +
Viy L — > P *-T+F' *—T+F' q

a b ¢ pa+gb pbi+gc pc+ga

Bai 11 : Cho 4 sd duong a:b;c;d .Ching minh:

a b ¢’ d? a +b" +c” +d°
+ + + >
b+c+d c+d+a b+d+a a+b+c 3
Huwong dan giai
HE- bl cl d]

bat P=

- + +
b+c+d c¢+d+a b+d+a a+b+c
Ap dung BDT Bunhiacdpxki cho 2 bd so:

3 3 3 3 M
a . b~ . ¢ | d . i . : ,
[Jb+c+d1‘jc+a’+a1\/b+d+H1Ja+b+c)"[‘ja(b+t+d)’\/b(r'+d+a)’Jﬂ(d+b+H}’\/d[a+b+L”

Ta co:
[J:.rz+.!':r2 +ci+d”? }2 51’[:{[b+c+d}+b[c+d+a}+c(a’+a+b}+d[a+b+c_}]

= [az +b? +¢2 +;:F]2 EP[[.:: +h+c+d) —[az +b +c* +d? ]:| (1)
Ap dung BDT Bunhiacdpxki cho 2 bd sb: (a;b;eid )3 (L1 1:1) ta duge:

[::.r+a';-+r;+d}2 24[a2+b3+c2+d3] (2)
Tie (1) va (2) ta duoc (@ +b*+c*+d*) <3P(a”+b" +c" +d”)
Sa +b 4+ +d” <3P
. a’ b’ ¢ d? a’+b* +c* +d’
Vay + + + =
b+c+d c+d+a b+d+a a+b+c 3
.. . X . , . a b 'y
Bai 12 : Cho cdc s6 duong a;b;c thoa a+b+c=1. Ching minh : + + 2]
l+h—a l+4+ec-b l+a-c
Huwong dan giai
b - b -
Pt A=— =+ ‘ a ‘

+ — + +
) l+b—a l+4+c¢-b l+a-c¢ 2b+c 2c+a Z2a+b
Ap dung BDT Bunhiacopxki ta ¢o:

(a+b+c) {%Ju(zmc} +%,/5(2C+Hj +%Jc[2a+b]j|_

2a+

a b ¢
E{Eb+c+2c+g =2a+bj|[a(2b+ c}+b[2c+a}+c[2a+b}]
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- 4> [a+b+c}z
) _3[ab+bc+m_}
Ta lai co:
s 3(ab+bc+ca)
(a+b+c) 23(ab+bc+ca). Suyra 42 - =1
' ' 3(ab+bc+ca}
Viy s 8 5 >

l+b=a 14c=b l+a-c

2b+c=2c+a=2a+b
Déu dang thire xay rakhi da=b=c ﬁ::va‘:b:c:%

a+b+ec=1

'n dé 3. BAT PANG THUC THUAN NHAT
1. Mé dau

Hiu hét cac bat dﬁnE thirc cd dién [Cauchv Bunhiampikv Holder, Minkw.ik".*
Chebweu ) déu 1a cac bt dang thirc thuan nhat. Diéu nay hoan toan khcmg ngau
nhién, Vé logich, co thé noi rang, chi co cac dai lugng cing bac madi co thé so sanh
virl nhau mot cach toan cuc duoc.

Chinh vi l‘hE: bét dang thite thudn nhét ChlE:l'Il mot ty & rat cao trong cac bai toan bét
dang thirc, diac biét la bit dang thirc dai s6 (khi cac ham s6 1a ham dai SD= co bac hiru
han). Déi véi cac ham giai tich (mi, lwong gide, logarith), cac bat dang thirc ciing
duoce coi la thuan nhat vi cac ham so co bac oo (theo cong thire Taylor).

Trong bai nay, chung ta s& aé cap tdi cac phuong phap co ban aé chimg minh bt
danE thire thuan nhit, cting nhu cach chuyén tir mét bét ding thirc khong thun nhét
vé mot bt dang thire thuan nhat. Nam vimg va van dung nhudn nhuyén cac phurrong
phap nay, ching ta cd thé chirng minh duoc hiu hét cic bat dang thirc so cap.

2. Bat ding thire thuin nhit

]]am 50 f(x;, x2, ..., X,) cua cac bién so thue x, X2, ..., X, dugc 1a ham thudn nhét bac
o néu vai maoi 56 thm:: t taco

fitx,, tXa, ..., tX,) = (X}, X2, ..., X,)
Bt ding thirc dang

fix), X2, ..., %) =0
véi f 1a mot ham thuan nhat dugc goi 1a bt déng thirc thuan nhat (bic o),
Vi du cic bat dang thirc Cauchy, bt dang thirc Bunhiacopsky. bét dang thure
Chebyshev la cac bét danE thirc thudn nhit. Bat dang thirc Bernoulli, bat danE thirc
sinx < x vo1 x > ( la cac hat dang thirc khong thuin nhat
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3. Chirng minh bét ding thirc thuin nhéit
3.1. Phwong phap don bién

Dic diém cua nhiéu bat diing thirc, déc biét la cac b‘ﬂr.t ding thue dai 56 1a dau bﬁn%
xay ra khi tAt ca hodc mot vai bién so banE nhau {xuat phat tir bat danﬂ thuc co ban x°
= 0!). Phuong phap dcm bién dua vao dac diém nay dé lam giam 56 bién sé cua bat
danE thire, dua bét danE thirc vé dang don gian hon co thé chirng minh tryuc tlf:p banE
céch khao sat ham mét bién hodc chimg minh bang quy nap.

Dé chirng minh bét dﬁng thirc

fixi, x2, ..., %) 20 (1)
Ta co thé thir chirng minh
f(x1, X2, ..., Xa) 2 {(x1+%2)/2,(x1+%2)/2, ..., Xu) (2)
hodc
f(x1, X2, ..., Xn) 2 f{VX1X2, VX1Xg, ..., Xn) (3)
Sau do chuyén viéc ching minh (1) vé viéc chirng minh bat dang thirc
(X, Xps X3y vees %) = 82X, X3y s X)) 20 (4)

firc la mot bat dang thire co so bién it hon. DT nhién, cac bat dang thuc (2), (3) co thé
khong dung hodc chi dung trong mot so diéu kién nao do. Vi ta chi thay do1 2 bién so
nén thong thuomg thi tinh dung dan cua bat dang thirc nay co thé kiém tra dugc dé
dang.

Vidu I: Chn a, b, ¢ > 0. Chimg minh bat ﬁanE Ihm::
a --b]’--c --3abc2aii3--a ¢ +b%a + b’ + ¢%a+ b
Giai: Xétham sé f(a,b,c)=a + b’ + ¢’ +3abc—(ab+ac+b'a+b’c+c’a+c’h)
Ta co
fla, b, c) — fla, (b+c)/2, (b+c)/2)=a < b’ + ¢’ + 3abe — (a’b + a’c + b'a + b'c + c'a+
c’b) — a’ — (b+c)*/4 — 3a(b+c)*/4 + a’(b+c) + a(b+c)*/2 = (b+c)’ /4 = (b+c-5a/4)(b-c).
Do dé,néu a=min{a, b, ¢} (diéu nay luén cé thé gia st thi ta cd
ﬂﬂ} b:— C] :_:: ﬁa} {b"‘ﬂ]z, {b"‘C]E]
Nhu vay, dé chirng minh bét dﬁng thite dau bai, ta chi cin chirng minh f(a, b, b) = 0.
Nhung bét dﬁng thirc nay twong duong voi
a’ +2b* +3ab’ — (a’b + a’b ~ b’a + b’ + bla+ b*) = 0
& @ +ab —2abz=0
& afa-b)’ = 0.
Vidu 2: Cho a, b, ¢ 1 céc sé thie bat ky. Chitng minh rang
F(ab,c) =(a+h)" = (b+c)" = (c+a) = (4/T)(a b =) = 0
(Dé thi chon doi tuyén Viét Nam 1996)
Giai: Ta co
F(a. b. ¢) — F(a, (b+c)/2, (b+c)/2) = (a=b)" + (b+c)” + (c+a) — @/T)(a+b"+c) —
2(a+(b+c)2)" — (b+=c)" = (4/T)(a"=2((b+c)2)") = (a+b)" + (c+a)" - 2(a=(b+c)/2)" +
c(4/7)((b+c)*/8 — b* — c4} = a(db’+4c’-(b+c)’) + 3a’(2b™=c’-(b+c)’) + (3/T)(b*c -
(b+c)*/8) = 3a(b+c)(b- c)’ + 3a’(b-c)” +(3/56)(b-c)’[7Tb +Tc™+10bc] = 3a(a+b+c)(b-c)
+(3/ Sﬁl{b-c] [?b""?C +1Dbc]
SD hang cum clng lucm khong am. Neu a, b, c clung dau thi bat dﬂnE thirc can chirng
minh 1a hién nhién. Néu a, b, ¢ khong cing dau thi phal c6 it nhét 1 trong ba sba,b,c
cting déu véi a+b+c. KthE mét tinh tdng quét, gia sir do la a. Tur dang thire trén suy
ra F(a, b, c¢) = F(a, (b+c)/2, (b+c)/'2). Nhu vay ta chi con can chirng minh:
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F(a, b, b)=0 véimoia, b, hayla

2{3*]3}4 2b)Y* — (4 '}']{a *”b*] =10
Néu b =0 thi bat dﬁng thirc 13 hién nhién, Néu b # 0, chia hai vé cua bat dﬁng thire
cho b’ rdi dat x = a/b thi ta dugc bat dang thirc twong duong

2x+1) + 16 —(4/T)x™+2)=0
Bit déng thirc cudi ciing c6 thé chimg minh nhu sau
Xét  fix)=2(x+1)"+ 16 — (4/7T)x +2)
Taco f(x)=8(x+1) = (16/7)x. F(x)=0 & x+1 =(2/1)*x & x=-2.9294,
fin = 1-2.9204) = 2(-1.9294)" + 16 — (4/7)-2.9294)" —8/7 =0.4924
{Cac phﬁn tinh toan cudi duoc tinh vol d6 chinh xac toi 4 chir s6 sau dau phﬁ}t Do fun
tinh dugc 14 0.4924 nén néu tinh ca sai so tuyét doi thi gi trj chinh xdc cua f, van la
mot 50 dI_TDTIE Viday la mot bat danE thirc rit chit nén IcthE thé tranh dugc cac tinh
todn véi so 1& trén day. ChanE han néu thay 4/7 banE 16/27 fIE: Xmin = -3 thi ¥, co ga
tri am! O day f*(x) = 2(x+1 Y+ 16— (16/27)x - 8/7.)

3.2. Phuong phap chuén héa

Dang thuong gip cua bat dang thirc thuan nhat la
fix1, X2, ..oy Xa) = (X1, X2, .0y Xn)

trong do fva g la hai ham thudn nhét cung bac. Do tinh chét ciia ham thuin nhét, ta cé
thé chuyén viéc chimg minh bat dang thirc trén vé viéc chimg minh bat dang thl.'rc
ﬂ(:{l, X2, .... Xg) = A vdi moi x,., X2, «.oy X thoa man diéu kién g(x,, X2 .o X,) =
Chuan hc:-a th cach thich hop, ta co lhf: lam don gian céc biéu thirc cua batdanﬂ thu‘c
cén chirng minh, tan dung dugc mot so tinh chat dac biét cua cac hang s4.
Vidu :
Chobdn 56 thue duong (x) = (x;, Xz, ..., X,). Vou mdi sd thue r ta dat
Mi(x) = [(xi"+ x2"+ ...+ xa"Vn]""

Chirng minh rﬁng vol mol r>s>0 ta co M(x) = My(x).

(Bét déng thirc vé& trung binh lity thira)
Giai: Vi M (tx) = tM;(x) vai mqi t>0 nén ta chi cin chirng minh bat dﬁnﬂ thL'rc dung

cho céac sé thue duong xi, X2, ..., X, thoa mén diéu kién M;(x) = 1 tire 1a cin Chu‘ﬁE
minh M/(x) = | voi moi x,. Xs, ..., X, thoa min diéu kién M(x) = . biéu nay co the
viét don gian lai 1a

Ching minh x,"+ x;"+ ...+ x," =2 nvdi x,°+x°+ ...+ x," =n,

Dé chirng minh bt dang thirc curf;i ciing, ta ap dung bat dang thirc Bernoulli:
; —{xl}r =1 = (%1 ]”"P | +{r'-1]|[:{l- ), 1=1,2,....n.
Céng cac bat ding thirc trén lai, ta dugc diéu phai chirng minh.

Vi du 4: Chirng minh rémg voi X, y, z 14 céc s thue be’it ky ta o6 bit dang thirc

6(x +y+zZ)(x'+y +2) < 27xyz + 10(x*+ y' +2)"*

{Ele thi Hoc sinh ElDl quuc EIEI. nam "GD'J]

Giai: Bat dﬁnﬂ thirc nay rat cénﬂ kénh. Néu thirc hién phep bién déi truc tlf:p s& rat
kho khan (vi du thu binh phwong dé khlr can] Ta thuc hién phép chuan héa dé don
gian hoa bét danE thire da ChD Nau X+ v ~ 7' =0thix= y=z=0, batdanﬂ thirc tro
thanh dang thire. Néu x* + y* + z° = 0, do bét déng thirc d3 cho Ia thuan nhét, ta cd thé
gia sur x* = '_-,f2 +7 =9, Ta cén chung minh 2(x+y+z) £ xyz + 10 vo1i diéu kién x*+
y* + z' = 9. Dé chimg minh diéu nay, ta chi cin chimg minh

[2(x+y+z) — xyzI" < 100
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Khéng mét tinh trf:ng quat, co thé gia su x| £ |y = [zl ,ip dung bat dﬁng thirc
Bunhiacopsky, ta co

[2(x+y+z) — xyz]" = [(x+y)" + zQ2-xy) < [(x=y)" + Z][2*+(2-xy)’] =
(9+2xy)(B-4xy+x"y’) = 72 = 20xy + Xy + 'ij’u]' =100+ (xy+2)*(2xy- 7).
Tir x| < |y < |z/ suyra Z° = 3. Suy ra ":{‘-,*{x *‘-,* <6, tie la (xy+2) {":w 7)<0. Tur
day. két hop voi danh gia trén day ta dugc diéu cin chirng minh. Déu bﬂﬂE xay ra khi
va chi khi (x+y)/2 =z/(2xy) va xy+2 = 0. Tir day giai ra dugc x=-1,y=2,z=2.

Ky thuat chuén héa cho phép ching ta bién mot bét danE thirc phtre tap thanh mét bat
danﬂ thirc co dang don gian hon. Diéu nay giup ta co thé ap dung cdc bién déi dai s6
mot cach dé dang hon, thay vi phai lam viéc vdi cdc biéu thirc cong kenh ban déu.
Dic biét, sau khi chuan héa xong, ta van co thé ap dung phuong phap dén bién dé
giai. Ta dua ra loi giai thir hai cho bai toan trén:
bat fix, v, z) = 2(x+y+z) — xyz. Ta can chirng minh f(x, y, z) £ 10 voi x> + ‘f +z2=09,
Xét fix, V(y+2)/2, V(¥+2)2) - fix, y, 2) = 2(x = 2V(¥'=2))/2) — x(y'+Z2)2 —
2x+y+z) + xyz = 2(V2(y+2)) — v — 2) — x(v-2)°/2 = (vz) [2/(N2y+2) -y + 2) —
x/2].

+ Néu X, ¥, Z = (), ta xét hai trvong hop:

-1<x<y<z Khidd 2(x+y+z) - xyz < 2\3(x*+y* =) -1 =633 -1 <10

-0<x< 1. Khi dé6 2(x+y+z) — xyz d 2(x+yt+z) < 2x + ""»'»"{V*z )=2x +
242(9-x%) =g(x). Taco g'(x)=2- 1'\-1?{'\39 X" >0, suy ra g(x) <g(1)=10.

+ Néu trong 3 50 X, y .z co mot 56 Am, khong mét tinh mnE quat, co thé gia sur
x < (0, Khi do fix, w{}f -7 ].-g, "w{}f ~7 }.-2] - f{x, v, z) 2 0 va ta dua bai toan viéc chirng
minh fix, V(v"+2°)/2, V(y*+2')/2) < 10, hay

2% + 2V2(9-x7) — x(9-x7)/2 < 10
& h(x)=x —5x+4\2(9-x") <20.
Ta co: h'(x) = 3x" — 5 — 4xV2/7(9-x%). Giai phuwong trinh h’(x) = 0 (v&i x < 0), ta dwoc
x=-1.Dayla diém cure dai cua h, do d6 h(x) £ h(-1)= 20.

BanE cach chuan hc:-a ta co thé dua mot bail toan bat ﬂanE thitc vé bai toan tlm gla tri
lén nhat hay nho nhit ciia mot ham sO trén mot mién {chanE han trén hinh cau X + ‘-.“‘
+ 7" =9 nhu & vi du 4). Diéu nay cho phép ching ta van dung dugc 111:;115[! k¥ thuat
fim gia tr1 lon nhﬁrt, gia tri nho nhat (vi du nhur bét dang thire Jensen, ham 161 ...)

Vidu 5: Choa, b,cla ceic -:rf: thue duong. Ching minh rﬁnﬂ
{(b=c- ﬂ] [{b*c] +a ] + {ra-b]? '[{L“a}?*-b ]+ {a*b c] [{El"‘b] +C ] =3/5
Giai: Ta chi cin ching minh bat danE thite cho cde sb duong a, b, c thoa a+b+c=l.
Khi d6 bat dang thirc cé thé viét lai thanh
(1-2a)%/(2a%-2a+1) + (1-2b)*/(2b*-2b=1) + (1-2¢)*/(2c*-2c+1) = 3/5
@ 1/(2a*2a+1)+ 1/(2b*-2b+1) + 1/(2c*2c+1) £ 27/5
& fla)+ f(b) + fic) €27/5 véi fix) = 1/(2x%-2x+1) (5.1)
Dé v ring 27/5 = 3f(1/3), ta thay (5.1) cd dang bat dang thirc Jensen, Tuy nhién, tinh
dao ham béac hai cua fix), ta co
'(x) = -4(6x" — 6x = 1)/(2x*-2x+1)°
ham chi 16i trén khoang ((3 - V3)/6, (3 = V3)/6) nén khong thé dp dung bét dang thirc
Jensen mot cach truc tiép. Ta chirng minh fia) + fib) + f{c) < 27/5 bﬁng cac nhan xét
bd sung sau:
fmax =f(1/2)=2
f(x) tang trén (0, 1/2) va giam rrén {1.-"2, 1)
fl(3 - 316 =1f((3 =361 =1
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Néu co it nhat 2 trong 3 srf:lﬂ,_ b, ¢ nim trong khoang ((3 - N'-E].-"ﬁ, (3 + W'IE].-"E], chﬁng
han la a, b thi ap dung bat dang thirc Jensen ta co

f(a) + f(b) < 2f((a+b)/2) = 2f((1-c)/2) =4/(c’+1)
Nhu vay trong truomg hgp nay ta chi can chirng minh

1/(2c*-2c+1) + 4/(1+c?) < 27/5
Quy dong mau so va it gon ta duoc bat ding thirc trong duong

27¢* - 27¢* + 18c’ -~ Te+ 120
<=> (3c-1)’(3c’—c+1)2 0 (ding).
Nhur vay ta chi con cn xét trudng hop co it nhét hai s6 nim ngoai khoang ((3 - V3) 6,
(3+ ﬂ] @), Néu chanE hana= (3 +v3)6)thirérang b,c< (3 - "ﬂ] 6 va nhu vay, do
nhan xét trén f(a) + fi(b) + f{c) £ 36/7 < 27/5. Ta chi con duy nhat mot truomg hgp can
xét 13 c6 hai s6, ching han a, b < (3 - V3)/6. Licnay, doa+b < 1-3/3nénc = V3/3
> 1/2. Theo cdc nhan xét trén ta cd f(a) + fib) = f{c) < 2f((3 - V3)/6) + f(V3/3) = 24/7
~(15+6V3)/13 ~5.381 <5.4=27/5,
Ghi chu: Bai toan trén co6 mét cach giai ngin gon va doc ddo hon nhu sau:
Bat dang thuc co thé viet lai thanh

(b+c)a/[(b+c)+a’] + (c+a)b/[(c+a)+b’] + (a+b)c/[(a+b) +c’] < 6/5

Khéng mat tinh téng quat, cé thé gia sit a = b + ¢ = 1. Khi d6 bt dang thirc viét lai
thanh
(1-a)a/(1-2a+2a%) + (1-b)b/(1-2b+2b%) + (1-c)c/(1-2c+2c%) < 6/5
Taco 2a(l-a) < (a=1)/4. Dodd 1 —2a+2a’>> 1 - (a=1)*4 = (1-a)(3+a)/A.
Tirdé (1-a)a/(1-2a+2a%) < { -a)a/[(1-a)(3+a)4] = 4a.-"{3+a].
Tuong tw (1-b)b/(1-2b+2b%) < 4b/(3+b), (1-c)c/(1-2¢+2¢”) < 4c/(3+c)
Va dé chirng minh bat danﬂ thirc dau bai, ta chi can chirng minh
4a/(3+a)+ 4b/(3+c) + 4c/(3+c) < 6/5
Bat dﬁng thitc cudi cung nay tuong duong voi
1/(3+a)y= 1/(3+b) = 1/(3+c) = 9/10 1a hién nhién {ﬁip dung BDT Cauchy)

Chuan hoa la mot k¥ thuat co ban. Tuy nhién, k¥ thuat do cting doi hoi nhirng kinh
= ] L A & v - - . . - v 2 2 2
nghiém va do tinh té nhat dinh. Trong vi du trén, tai sao ta lai chudn hoax” +y + 2z =
- - seoqa 2 2 2 :n v . -~ v A "
9 ma khong phai la x®+ y~+ z = 1 (tunhién hon)? Va ta co dat dugc nhiing hiéu qua
mong muodn khéng néu nhu chuéan hoa x=y+z = 1? Do la nhiing van dé ma chung ta
phai suy nghi trucoc khi thye hién buoc chuan hoa.

3.3. Phuong phap trong sb

Bat ding thire Cauchy va bét dang thirc Bunhiacopsky 1a nhitng bat ding thire thuan
nhit. Vi thé, chiing rt hitu hi¢u trong viéc chirng minh cac bt danE thirc thudn nhat,
Tuy nhién, do diéu kién xay ra déu bing cua cac bat dang thic nay rat nghiém ngat
nén viéc ap dung mot cach tryc tiép va may moc doi khi kho dem lai két qua. Dé ap
dung tdt cac bt ddng thirc nay, chiung ta phai nghién ciu k¥ diéu kién xay ra dau
bang va dp dung phuong phap trong so.
Vi du 5: Chirng minh ring néu x, v, z 4 cic sé thu'c: khnng am
6(-x —y— z]{:{z* "_-,*2+ 22] +27xyz = ﬂ{x + *-,f + 72

thi

m
2
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Giai: Sir dung nguyén Iy co ban « dau bing xay ra khi mot cip bién s6 nao do bing
nhau », ta co thé tim ta duoc dau bﬁng cua bét dﬁng thirc trén xay ra khi y=z = 2x.
Diéu nay cho phép ching ta manh dan danh gia nhu sau
106+ '+ 27 6(x + y+ 2)x*+ y + 7)) =

{x +~r+r][ 0x*+ v + 2H'% - 6(- x +y+ 2] = (X210 v +

2) 2142727 2L 6(ox + y+ 2] 2 (F+y*+2)[(103)(x-2y+22) - 6(-x + y+ 2)]
—{x ""'-,“ +z ]{"Ex*"v*"z]E (5.1)
f&p dung batdanﬂ thirc Cauchv ta co

XAy 47 = X+ VA + YA + YA+ A+ Pl + 24 + 24+ 24 > 9x’y'z"14%) "
"Sx+'f"*-,f+"z—4x+4x+4x+4x+4x+4x+4x+2v+'«"2}‘- 9{43:{ 1-,fz]
Nhan hal batdanﬂ thite trén vé theo xe ta duoc
(X+y=2)(28x = 2y + 22) 2 9(x"y'Z" %) 94%'yz)"” =81 (5.2)
Tir(5.1)va(5.2)tasuyra batdang thirc can chirng minh.

Trong vi du trén, chung ta di su dung ca bét danE thirc Bunhiacopsky va bt danE
thirc Cauch‘f co trong so. Lot giai rﬂt hlf:l.l qua va an tugng. Tuy nhién, sy thanh cong
cua loi1 gial trén nam o hai dong nEan ngui o dau. Khoéng c6 duge « dy dodn » do, kho
co thé thu dugc két qua mong mudn, Dudi day ta s€ xct mot vi du vé viée chnn cac
trong 56 thich hop bang phuong phap hé s0 bat dinh dé cac diéu kién Xay ra déu bang
duroe thoa man.

Vidu 6: Chirng minh rﬁng néu 0 < x < '-,f rhi ta co bﬁitdﬁng thire
13x(y"-x)"? + 9x(y'+x")'? < 16y’ (6.1)

Giai: Ta sé ap dung bat dang thic Cauch}* cho céc tich & vé trai. Tuy nhién, néu ap
dung mot cach truc tiép thi ta duoc

VT < 13(x° + y?x%)/2 + 9(x*+ y+x?)2 = 9x* + 11y’ (6.2)
Day khéng phai la diéu ma ta can (Tur day chi co thé suy ra VI < < 20y%). So di ta
khong thu dugc danh gia can thiét la vi ddu banE khong thé anE thot xay ra o hai lan
ap dung bat dang thirc Cauchy. Dé diéu chinh, ta dua véo céc hé sé duong a, b nhu
sau

VT = (13/a)ax.(y"-x") """+ (9/b)bx(y"+x")'"*

< (132a)(a’x’+y" x") = (9/2b)(b*x*+ y*+x7) (6.3)

Dénh gia trén ding v&i moi a, b > 0 (ching han véi a=b=1 ta dugc 6.2) va ta s& phai
chon a, b sao cho

a) "'ve phal khong phu thudc vao x

b) Dau banﬂ co thé dong thot xay ra o hai bét danE thirc
Yéu céu na‘-.* tuong dm:rnE val he

13(a’-1)/ "a*EI{b +1] "b 0

dxy: ax —‘-,“ X b o —‘-.*-'-:l{2
Tuc laco hé 13(a*-1)/2a + 9(b*+ 12]3 =10, a*+~1 =b’ - 1. Giai héra, ta dugca=1/2,
b =3/2. Thay hai gia tri nay vao (6.3) ta dugc

VT < 13(x7/4 + v —x7) + 3(9x7/4 = v* = x7) = 16y
Ghi chi: Trong vi du trén, thuc chat ta da cd dinh y va tim gia tri lon nhit cia vé trai
khi x thay déi trong doan [0, y].
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4. Bat ding thirc thuin nhit déi ximg

Khi gip cac bt danE thirc dang da thirc thuén nhat doi Xing, ngoai cac phucmﬂ phap
trén, ta con co thé str dung phuong phap khai trién tryc tiép va dung dinh 1y v& nhém
céc s6 hang. Phuong phap nay cong kénh, khong that dep nhung déi lic to ra khé hiéu
qua. Khi sir dung banE phuong phap nay, chung ta thuong ding cac ky higu quy ude
sau dé don gian hoa cach viét:

ZoymQ(X1, X2, .y Xa) = ZoQ(Xai11y Xar2)s s Xaln)
trong do o chay qua tit ca céc hodn vicua {1,2,...n}. Vidu voin=3va ba bién sb
X, ¥, Z thi
ng:{!’— 2x° *""-,;’ +27° ngx y= X y+ ‘-,* z+ 7 x*:w ""-.’Z + zx° , Lgym XYZ = Oxyz.
Déi véi cac biéu thirc thnE hoan toan dcn :lurnE} ta c6 thé sit dunE ky higéu hoan vi
vong quanh nhur sau: Zeywpie X v =X v* ‘-,“ 7+ 7'x.
Phuong phap nay duge xay dyng dua trén tinh so sanh dugc cua mot s6 tong doi ximg
cung bac - dinh ly vé nhém cic sd hang (hé qua cua bt dang thirc Karamata) ma
chiing ta s& phat biéu va chimg minh dudi day. Trong truong hop 3 bién, ta con cd
ﬂﬁng thirc Schur.

Néu s={(si, s2 ..., Sa) va t = (t;, t2, ..., t;) 12 hai day s6 khong ting. Ta noi ring s 1a
poicuatnéus +s:+... =t +t2+ . Ht,vas ..+ 5=t ..t voimol 1=1,2,
ey T

»

Dinh ly: (« Nhom ») Néu s va t la cac diay so thuc khéng am sao cho s la trd1 cua t thi
sl &n t tn
ZoyX1 +Xn 2 ZgymX1 «oeXn

Chirng minh: Dau tién ta chimg minh ring néu s 1a zréi cia t thi ton tai cic hing sd
khong am kg, voi o chay qua tap hop tat ca cac hoan vi cua {1, 2, ..., n}, co tong bang
| sao cho
X kn{qnl:- Senl = I“-l:- l-'?:- L t]

Sau do, 4p dung bat dang thirc Cauchy nhu' sau

Zn]‘{[m{l] Knm{n]: E k X En{r{l]] .]‘i.—.m{r{n]]:" En]‘{[lml]...?{nlﬁ{n].
Vidu, vor s=(5,2.1) u-'élt—{E,E, 2).ta co

(3,3,2) =(3/8)%(5,2, 1) + (3/8)%(2, 5, 1) + (1/8)%(2,1,5) + (1/8)*(1,2,5)
Va ta co danh gia

( 3:{5‘_-;22 + 3:{2}fﬁrxzy*25+x}f225]-"3 >xXyz .
Cong bﬁt dang thire trén va cac bat diang thirc twong tu, ta thu dugce bat ding thirc

3 A2
zsumx 1'|- Z:’-' Eggmx .

Vidu 7: Chirng minh rﬁng VOl moi sd thuc duong a, b, c ta co
1/(a°+b’+abc) + 1/{b*+c*+abc) < 1/(c*+a'+abc) < 1/abe
(nai: Qu'_-,*déng mau sb va nhan hai vé cho 2, ta cé
¥ ym(a’+b’+abc)(b’+c*+abc)abe < 2(a’+b’+abc)(b’+c’+abe)(c™+a +abc)
e Zeyma’ "be+3a’d* c:*ﬂilasb c+a'bic’ < Eg_\.ma]'b]'chzﬂﬁb}*EaJ'bJ'c “2a’h’c*+a'be
o Loy mlaﬁ'b]’ 2a’bh’c’ > 0,
Bit dﬂnE thirc nay dung theo dlnh Iy nhom.
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Trong vi du trén, ching ta d& gép may vi sau khi thuc hi¢n cac phép bién dm dai so, ta
thu duwge mot bat danﬂ thirc tuong dbi don gian, co thé ap dung tryc l'lE:p dinh ly
nhom. Tuy nhién, khong phai truong hop nao dinh ly nay cling du dé giai quyét vin
aé. Trong truong hop 3 bién sd, ta cé mot két qua rat dep khac ladinh ly Schur.
Dinh ly: (Schur). Cho x, v, z la cac 50 thue khong am. Khi do vai moir> 0,

X (x=y)(x-Z) + Y (y-z)(y-x) + Z(z-x)(z-y) = 0. ,
Déu bang xay ra khi va chi khi x = y = z hay khi hai trong ba sd X, v, z bang nhau con
s6 thir ba bang 0.
Chirng minh: Vi bat dang thirc hoan toan dbi Xung ddi vai ba blen 'ED khéng mét tinh
mng quat, ta co thé giasu x=y=z Khido bét dang thirc co thé viét lai dudi dang

(x=y)[X'(x-2) = ‘»“f‘\-“-Z]] + Z(x-z)(y-2) 2 0,

va mdi mét thira s6 & vé trai déu hién nhién khéng am.,

Truong hc:rp hay duoc su dung nhat ctia bat déing thirc Schur 1a khi r = 1. Bét ding
thirc nay co thé viét lai dudi dang

stm?{j‘ 2x'y + xyz = 0.
Pay chinh la bét danﬂ thirc o vi du 1.

Vidu 8: Cho a. b, ¢ > (. ChL'mE minh rﬁng
{ab+ bc + ca]{ {a*—b} + {b*c] + '{c+a“j?] >9/4
Giai: qudong mau -m khai trién va rit gon, ta dugc
Zgm4a’b—a'b’—3a’b’ +a'bc— 22’ + &b 2 0 (8.1)
Dung bat danE thire Schur:  x(x-y)(x-z) = Wy-z)(y-x) + z(z-x)(z-y) = 0. Nhan hai vé
vol 2xyz rol cong lal, ta dugce

Egmabc—"alb c+abc 20 (8.2)
Ngoai ra ap dung dinh ly nhém (hay néi cach khac - bat dang thirc Cauchy co trong
56) ta cd Ty (a’b - a'b%) + 3(a’b— 3a°D%) > 0. (8.3)

Tir8.2, 8.3 suyra 8.1 va d6 chinh la diéu phai chirng minh.

Néi dén bat ding thirc thuan nhat déi xing, khﬁng thé khéng néi dén cac ham sé ddi
Xung co bé.n Elrj la cac biéu thirc Sl =X +xX2+ ..+ X S2= Z XXy 000y S0 = X1X2. .. X,
Véi cac bét danﬂ thirc lién quan dén céc ‘ham dm xing nay, co mot thu thudt rat hiwu
hiéu dugc goi la «thu thuat giam bién sé bang dinh 1y Rolle ». Ching ta trinh bay v
twong cua thu thuat nay thong qua vi du sau:

Vidu 9: Cho a, b, c,d la cac sb thuc duong. Chimg minh rﬁng
[(ab+ac+ad+be+bd+cd)/6]"? = [(abc+abd+acd+bed)/4]""
Giai: Dat §; = ab-ac+-ad+bc+bd+cd, 83 = abc+abd+acd+bed. Xét da thirc P(x) =
(x-a)(x-b)(x-c)(x-d) = x* — (a+b+c+d)x’ + S,x* — S3x + abed. P(x) c6 4 nghigm thyc a,
b, c,d {neu cO cac ﬂEhlE:m trung nhau thi do la nghiém bm} Theo dinh ly Rolle, P'(x)
ciing co 3 nghié¢m {deu duong) u, v, w. Do P’ {:{] co hé sd cao nhéat banE 4 nén
P (x) = 4(x-u)(x-V)({x-w) = 4:{]’ - 4{u+u+u.]x + 4{uv+vw+wux - dJuvw
Mat khac
P’(x) = 4x° - 3(a+b+c+d)x* + 2S,x — S,
suyra Sz =2(uv+vw+wu), S; =4uvw va bat dﬁng thirc can chirng minh ¢ d4u bai co
thé viét lai theo ngon nEﬁ' v, W la
[{l.l‘r'"-."'ﬁ""'ﬁl.llE] 3?-{11'-,“]["3
Bét dﬂnﬂ thirc nay hién nhién dung theo bat danE thirc Cauchy.
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5. Thuin nhit héa bat ding thire khéng thuin nhét

Trong céc phan trén, chung ta da trinh bay cac phuong phap co ban dé chirmg minh
mét bat danE thirc thuan nhét. Do khong phai la tat ca cac phuong phap (va di nhién
khong bao gi¢ co thé tim duge tat cal), tuy vay co thé giup chung ta dinh hudng tc:ut
khi gdp cac batdanﬂ thirc thun nhét. Nhung néu gép bat dang thirc khong thuén nhat
thi sao nhi? Co thé bang cach nao d6 dé dua cdc bit dang thirc khéng thuan nhat vé
céc bt dang thure thuan nhat va ap dung cac phuong phap noi trén dugc khéng?

Céu tra 101 1a co. Trong héu hét céc truong hop, cac bét danE thirc khong thudn nhat
co thé dua vé bat ding thirc thudn nhét banE mot qua trinh ma ta goi la thudn nhét
hoa. Chung ta khong thé “chirng minh™ mot “dinh Iy” duge phat biéu kiéu nhu thé,
nhung co hai ly do dé tin vao no: thi nhﬁr.t, thue ra chi co cac dai lugng cung bac moi
co thé so sanh dugc, con cac dai lugng khac bac chi so sanh dugce tmng cac rang bugc
nao do. Thir hai, nhleu batdanﬂ thirc khong thuan nhét da dugc “tao ra” bing céch
chuan hoa hodc thay cac bién s6 banE cac hanE s6. Chi can chiing ta di nguge lai qua
trinh trén 13 s& tim duoc nguyén dang ban dau.

Mot vi du rat don gian cho Iy ludn néu trén 12 tir bat dang thic thudn nhit x* +v' + 2
2 2 2 - v I = . - = z
ZXy+yz+zx, bing cach cho z= 1, ta duoc bat dang thirc khong thuan nhat
373 2 2
X +ty+1zxy+y +x

Vidu 10: Cho p, q, r la cac s thue duong thoa méan diéu kién p+q+r=1.Ching
minhring  7(pg=qr+rp) <2 + 9pqr.
(V6 dich Anh, 1999)
Vidull:Cho a, b, c la cac 80 thuc duwong thoa mén diéu kién abc = 1. Chirng minh
rﬁng (a—1+1bib=-1+1/clc=1+1/a)=1
(IMO, 2000)
Huéng dan: Dat a= x/y, b =y/z, c = z/x!
Vidu 12: Ching minh rﬁng néu a, b, c la ba canh cua mdt tam giac thi:
a’b(a-b) + b’c(b-c) + c’a(c-a) = 0
) (IMO, 1983)
Hudng dan: Dat a = y+z,b =z+x, c = x+y!

Bai tap

1. Cho x, y, z> 0. Chirng minh ré'mg

XY Xy - vj’z]' + /X + 2y exXyz + yizx + Zixy + yz/x’ + zx/y'+xy/z

[ ]

. Chimg minh bét dang thirc sau véi moi sé thue duong x, v, z
X/(x+y)(x+z) + y(y+z)(y+x) + 2/(z+x)(z+y) £ 94 (x+y+z).

3. Cho x, v, z la cac s0 thuc duong thoa man dicéu kién

2x +4y+ Tz=2xyz
Tim gia tri nho nhat cua biéu thie x +y+ 2.
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i A s a gl g a2 2,2 :
4. Cho a, b, ¢ 1a cac so6 thuc duong thoa mén diéu kién a + b~ +c¢” + abc=4. Chung
minhring a+b—+c <3.

5. (IMO, 1984). Cho x, v. z la cac s0 thuc khéng dm thoa man diéu kién x+y+z=1.
Chirng minh ring
O<xy+yz+zx-2xyz < 7/27.

6. (Iran, 1996). Cho a, b, ¢ > 0. Chirng minh r:E'mg

{ab—bc—ca}[ 1 — + : — + 1 W:_&E
(@a+b)” (b+c)” (c+a) ) 4

7. (Viét Nam, 1996) Cho a, b, ¢, d la cac sb thie khong am thoa man diéu kién
2(ab+ac+ad+bc+bd+ca) + abc + bed + cda + dab = 16. Chirng minh rang
Ifa+b+c+d)=2(ab+tactad+berbd+ca)

8. (Ba Lan, 1996) Cho a, b, c la cac s0 thue thoa mén diéu kiéna+b+c=1. Chimg
minh ring

a e’}_c{i

@1 b+l 2+1 10

N ; x . - - . 2 2 a5
9. (Ba Lan, 1991) Cho x, v, z 1a cac s0 thuc thoa man diéu kienx™+ v + z7 =2,
Chirng minh rang
X +y+z<2+xyz

10. (IMO, 2001). Cho a. b, ¢ > 0. Chitng minh rang
, a N : b o c > 1
«J"a‘ + &he \r'le’f—gca xrrc‘ + Zab

Van dé 4. UNG DUNG CUA BPT CO-SI VAO PAI SO

Bai 1: : Gia sur phuong trinh XX +x-2=0 cb nghiém thuc x, . Chimg minh rang:
§3< X, < $fa
Gidgi:

Vi X, la nghiém ctia phwong trinh da cho, nén X,#0, X, # 1 va X, — X + X, = 2

P S .. 1 1 N SRPTE
Nhin ca hai vé cua (*) voi X, +— thu duoc xg +1=2| x, +— | . Vi vé trai luén duong,

A

cho nén tir vé phai cé x, > 0. Ap dung BDT Cauchy cé:

x§+1:2[xn+l]24
Xo

Luu y rang X,# 1 nén co BDT that sy. Do do x% >3 vavi x, >0, ta ¢o 3 < X, .
Chia ca hai vé cia (*) cho x° dan dén:
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%+1:x§—%ﬂ}2 va do do x, <34
Tom lai i< X, <84
Bai 2: Co 4 vién bt ma tf,-ng ]:héi 1}m;rng cfuz. tung cap vien bi la a, b, ¢, d, ¢, fva thoa man:
atbtctdt+tetf=a +b +¢ +d +e + =6 (dvkl). Tim khoi lugng cua cic vién
bi do. _
Giai : Kihi¢u x, y, z, t la khoi lugng cua 4 vién bi.
Ro rang a, b, c, d. e, f'1a cac s6 duong. Ap dung BDT Cauchy , ta co:
a+2=a"+1+1>3a"1.1=3a
Twong tuta ciing co: b* +22>3b;¢’+2>3¢c:d*+2>3d;e* +2>3¢;f°* +22> 3f
Cong ting vé cac BDT trén , ta duoc:

a+b++d*+e+ P +12>3(a+b+c+d+e+f) (1)
Theo daubaithia+b+c+d+e+f=a'+b’'+c’'+d’+ e’ + £ = 6, nén dang thie o (1)

phai xay ra, diéu nay twong duong véia=b=c=d=e==1.
1
Dﬂdéx+y=x+z=x+t=y+z=}f+t=z+t=I.Suyrax=y=z=t=5{dvkl}

Nhan xeét:
C6 nhiéu cach dé giai bai nay. Ciing c6 thé ding bat dang thirc Bounhiakowski dé
giai bai nay, cac ban hdy tim xem sao?
Co thé tong quat hoa bai toan nay nhu sau:

Cho n vién bi. Goi k 1a 6 nguyén duong bé hon n va dat m= 9. Goi tong khdi lugng
clia timg nhomk vién bi la a,,a,,...,a, . Biét ring:
a+a,+..+a, =a +a +..+al=m(dvkl) (pel ', p=1)
Tim khéi lwgng cia cic vién bi do.
Bai 3: Goi a, b, ¢ la cac do dai 3 canh cua mot tam giac co dién tich 1a A. Chimg minh
rang & +b° +¢” c6 GTNN la 44/3A. o
(B¢ thi Olympic Toan Quoc Té IMO nam 1961)

Giai: Ta co cong thirc Héron:

A=\/a+b+c a+b-c a-b+c b+c-a

2 2 2 2

Do tinh ché.t tong hai canh tong mgt tam giac ludn lon hon canh thir ba, ta thiy rang tat ca
cac thira so trén déu duong. Vi vay, ap dung BDPT Cauchy cho 3 s0 ta co:
4A=./(a+b+c)a+b—c)a—b+c)(b+c—a)

a+b+c) (at+b+c)
g\]{a+b—c]{ >7 ) _ 3J§] (*)
Mat khac:
(a+b+c) =a’+b + ¢ +2ab+2bc+2ca
<@+ +E+(@+b)+ (b2 + )+ (F + &)
o (ath+co) <3(@ +b+¢%)
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Nén thay vao (*) ta dugc:
AA< (a+b+c) 53{32+b2+02:
3J3 3J3
o @+ + > 43A
Dau dang thitc xay ra <> a=b=c.
Bai 4: Cho a, b, ¢ la d6 dai 3 canh cua tam gidc bat ki. Chirng minh rang;
ab(a—b)+b’c(b—c)+c*a(c-a)=0
(Dé thi Olympic Toan Quée Té IMO nam 1983, My dé nghi)
Gidi: Do a, b, ¢ 1a 0 dai 3 canh tam gidc ma trong tam gidc luén cé dwong tron noi ticp
nén ludn ton tai x, y, z sao cho: @= X+ ¥, b=y+Zz ¢=2z+ X (x, y. z chinh la khoang

cach tir dinh tam giac dén tiép diém gilra duong tron noi tiép voi canh ké dinh d6) va di
nhién X, y,z> 0. Sau nhirng bién d6i can thiét, bat dang thirc cin ching minh tré thanh:

XY+ YZ + 2 = XyZA X+ y+ 2)
Ap dung BDPT Cauchy ta dugc: (xy° + yZ' + 28 )(x + y+ 2) = xyzAx+ y+ 2)* =0
Tir d6 suy ra bat dang thirc can chirmg minh la ding, dau “=" xay ra
X

z X oy
Bai 5: Tim GTNN va GTLN cia: yz+ 2x+ Xy —2xyz trong do x, v, z la céc so thuc
khong d4m thoa man diéu kién: x+ y+z=1.

(Dé thi Olympic Toan Quéc Té IMO nam 1984),

S X=y=2&a=b=c

Giai: Ta co:
(1-2x)(1-2y)(1-22) =1-2(x + y + 2) + H yz+ 2X + xy) — Bxyz= 4 yz+ zx + Xy)—8xyz—1
do gia thiét x+ y+z=1. Tir d6 suy ra:

yz+zx+xy—2m=%(1—2x}(1—2y}{‘1—2z}+—
Mat khac theo BDT Cauchy ta u‘mg co:
(1-2x)(1-2y)(1 22}{—{1 2x+1—2y+1—2z}3=%

Do vay, tasuyra: YZ+2ZX+ Xy— 2:ac;-,fz~‘-tl §=— (1)
Y, tasuy 427 27

Ngoai ra, do gia thiét: X+ y+z=1.ta co:
VZ+ZX+ xy—2xyz= xy(1-22) + xz2(1-y)+ yz=0 (2)

nén két hop lai suy ra; 0< yz+ 2+ xy— 2)(3;2{2—:'

Mit khac, dé lhﬁy dﬁng thico (1)va(2)la ton tai, chang han khi:

x=y=z=1:>yz+zx+xy—2xyz=i
3 27
x=y=0, z=1= yz+ zx+ xy— 2xyz=0
Min(yz+ zx+ xy—2xyz)=0

Max(yz+ zx + xy— 2xyz) :2—??

Do vay, ta két luan:
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Bai 6: Cho a, b, ¢ 1a 3 s6 thuc dwong tuy y thoa man diéu kién: abe = 1. Chirng minh rang
1 1 1 3

F(bro) bt farp 2

(Dé thi Olympic Toan Quéc Té IMO nam 1995)

Gidgi: Dit: x=; y=1
a b
2
X ,L 2.3
y+z z+x x+y 2
Bé chirmg minh bat dang thirc (2) trude hét ta can chirng minh :

x2+y2_z? S X+y+2Z

Z= i . Khi d6 xyz=1 va (1) twong duong voi;
c

2 (3)
Y+Z Z+X X+y 2
X yrz,,
yv+z 4
Ap dung BDT Cauchy, ta dugc: L L5 y
z+x 4
i+ugz
x+y 4

Cong timg vé 3 bat dang thirc trén ta dugc (3). Ngoai ra ciing theo BDT Cauchy :

xty+z Rz _3
2 2 2

Tir (3) va (4) suy ra bat dang thirc (2). Suy ra dpem.
a b c
+ + =1
V&' +8bc /b’ +8ca +/c?+8ab
cho moi s6 thuc duong a, b va c.
(P& thi toan quéc té IMO lin thit 42 — nam 2001)
Gidi: Trudc hét ta chimg minh rang;

Bai 7: Chirng minh rang;

4
a as
-
=72 1 (D
\/32+8bc as+ b4+ 08

4 4 a2 2
(1}@[33+b3+03] > a* (& +8bc)
Tu BDT Cauchy, ta co:

4 a4 a2 oay? 4 a4 4 4 a4
a*+b*+c® | —|a*| =|b*+c® || a*+a*+b*+c?

2 2 211 2
> 2b3c? . 4a°bsc® = 8asbhc

4 4 4N a2 2
Do da: [a3+b3—03] E(Ea] +833b0=33(32 +8bﬂ) ‘Su}rra{])

MGt cach twong tu, ta co:
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&
& Z 4 bj 4
Vb* +8ca a® +b3 +c?
&
—2
¢" +8ab a® + b +c?

Cong theo timg vé ba BDT nay ta nhan duge BDT ¢ dé bai.

L 2
n hn
(D& thi d& nghi Olympic 30-4 cua truong THPT Binh Phi nam 2002, TP HCM)
Giai: theo BDT Cauchy:

1+1+...+1+[1+ Jﬁ

i ﬂ] in
(=) ::~“1+J_
n V' n

r:t+E n
o—"0 5 q 30
n n

Q'G::”H%

n’ n M

1,
.. . . 2 o . ” P n
Bai 8: Chirng minh rang v&i moi so tu nhién n=2 ta ludn co: d’l + gn + 01—

=1+

Lai theo BDT Cauchy:

'{ [
1+1+...+1+L1—\/H
\—\'\I‘—FI

n J ’ n
(=1} - p 1 _ n
n n

Cong timg vé (1) va (2) ta dwoc dpem. .
Bai 9: Cho a,b,c = 0 ,;n nguvén dirong. Chimg minh rang:

1 1 1 _ . 1 1 1
—tt24 =t - :
a" b" ¢ (2a+b+¢)” (a+2b+c) (a+b+2c)

Giai:

Ap dung BDT Cauchy cho 2 s6 khong am ta ¢

LIy rou NPYS Y

a" b a" b (\/E) [(a +b))
2
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Tuong tu

| ] 20
—t=2

a" ¢" (a+c)
n+l

1.1, 2

b" ¢" (b+¢)"

Do do

2[L+L+LJ‘32“" SR S
a" b" " (a+b)" (a+c)" (b+c)"

1 1 1 . 1 | 1
= —+—+—22 + + -
a" b" " La+b}“ (a+c)" (b+c) }

Chimg minh tuong ty ta cling co

S SRS B 1 N 1 . I _
(a+b)" (a+c)" (b+c)" (a+b+b+c)" (b+c+a+c)” (a+b+a+c) |
Do do

S D R | | |
_+_+_E4 no n+ n
a" b ¢ Lzﬁbﬂ;} (a+2b+c) (a+b+2c}}

Van dé 5. MOT SO BAI TOAN BDT TRONG CAC KY THI
CHON HSG

Trong ki thi Olympic toan Quéc té nam 2001 co bai toan sau:

Bai todn 1: Cho ba s6 thue duong a,b.c . Chimg minh rang:

i N b N £ > 1
'\fﬂ':—ghf Jbz—gc‘a m"'cz—Sc;rh_

Trude hét ta xét

Bai toan 2: Cho 3 s6 thuc duong a,b,c . Chimg minh ring

i h C

+ >
h+ec ec+a a+h

3
2

Day la bat dang thirc Nesbitt . Bat dang thirc nay cd nhiéu chimg minh. Sau day
la mot chirng minh cua no .
. 3 3 3 !
Ap dung bat dang thire Coésitaco: a? +b? +b? = 3a?b
i 3 3 L i 3 3 L
al+c?+e?23ac = 2a*+b?+c?)23a(b+c)

3

a 3a’
= =

h+ec

2aZ + b +c?)
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3 3

; : . 3p2
Tuong tur ta co g > — 3!}1 — va € > < —
c+d = = = a+h = z =
2a-+bh* +¢°) 2ar+bh?+c?)
g b 3
T dosuyra: 2+ <52
b+c c+a a+b 2

Chung ta ap dung phuong phép giai bai toan 2 dé giai bai toan 1 . Ta ching
minh rfmg tdn tai s thuc @ sao cho .

= :_:} (4 4 aﬂ' [
Ja’ +8bc a®+b% +c

Thét vy bt dang thirc (1) < a (&% + 5% +¢%) 2a”Ja® +8bc

@az(a“’—ff—ca]z >a % (az* 8bc)

(1)

@az[azﬂf _Eaﬂ(bﬂ_cﬂ)_(bﬂ ___Cﬂ')z] > a*®? L Ra%he
e 20" (B + )+ at (B* + Y =Rabe

B+ 20

i

= 2a% 7 (b® +c® )+ a’ (B* +c® YV 2 4a**h2e? +4a b "

Ap dung bat dang thirc Cési ta ¢o :

| &

IR

=3 o 3o 3o

Ap dung bat dang thirc Cosi ta c6 a®b2e? +a*b%* 22a hic*

Ta chon «thoa mén |2 4
S a=—
3

sl
taa | b=

Vi o a- ' b b? , c c

\4 = 2 3 ; =4 4 2 21 3
Ja® +8be al ipI il b +8ca PERNE SR Je? +8ab a*+b? +c?

N a N b N c
Ja®+8bc b  +8ca e’ +8ab

=1

Bai toan sau tuong tu vol bai toan 2
Bai toan 3: Cho 4 s6 thuc duong a,b,c.d . Chimg minh rang

a b e N i 51

Ya® +63bed AP +63acd  c® +63abd i dP +63abe

Bing phuong phép di dugce sir dung trong loi giai cia bai toan 2 ta chimg minh
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21
16
a a
duoec. >

3 3 - 21 21 21 21
Aa  +63bad 4l + pT6 L 06 L gTs

21

16
!—JE 71 1|!rJI 71 71
ab” +63acd al® +pI6 4 016 4 416
21
¢ '
g.jf‘l —ﬁ}a‘f}a’ - 21 21 21 21

als +h16 £ ol6 L J16
21
d de
>
21 21 21 21

%“dl—ﬂahc aﬁ—bm—cm—dm

b c d
> ]

Suy ra + + + >
Ya® 1 6%cd b +63acd Yci+63abd  id® +63abe

Bai toan 4 : Cho 3 s6 thue duong a,b,c thoa man abe = 1 . Chirng minh ring

> (2)
a(b+e) ble+a) c(a+h) 2
( Dé thi toan Qudc té nam 1995)
Lijigiz’ii:f}zﬁtx=l,y=é,z=l(x,y,z}ﬂ).Khidé:{yz=l
o [
vi bét ding thirc (2) & ~—+2 o 2 2

( x ¥y Lz ) (2x+2y+2z)z(x+y+2)°
y+z z+x x+)
x° y z’ x+y+z_ 3 .
= e = = > — (VI X+y+Z 23 ifxyz=3
y+z z+x x+y 2 2 ( 4 ) )

Bai toan sau la mot bai toan tong quat cua bai toan 4
Bai toan 5: Tim tit ca cac s0 thuc @ sao cho bat dang thirc

1 1 1

a“{h—c]_ b (c+a) - c“la+bh)

3_-‘*% (3) ding véi moi bo 3 sé thue duong a.b.c

thoa mian abc = 1

Loi giai: Xét @ = 2 . Khong mat tinh tong quét, giasta <b<c
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Dzﬁtx=l,y=%,z=l Khidox,y,z=0vaxyz=1
ol /

13

Bat dang thire (3) <

Vay voi o > 2 thi bat dang thire (3) ding véi moi bo 3 sd thue duong a,b,c thoa
man abe = 1 . Ta chirng minh rang véi « < - 1 thi bat dang thire (3) dang véi bo

ba s0 thue duong a,b,c thoa mén diéu kién abe = 1 . That viay giasra,b,c la3 so

thue duong thoa manabe =1 . Dat x = L Y= é,z =1 thi x,y,z>0vaxyz=
' il

1
bat g =1 - a@=2. Theo chimg minh trén ta co

| 1 |

X (y+z) N yP(z+x) TP (x+ ¥)

1 1 1

+ + >
a®(b+e) b%(e+a) e“(a+h)

Véi-1<a c:%

Xét cac diy (ay) . (by), (cn):a,=n,b, =n,c, = i (n e'.\'*)

- Q- 2o—1
Pit S, = | | N | " on

a(b, +¢,) bi(c,+a) c*(a,+b) m+1 2

n T My

::rﬂﬂp_lxsn = ()

36



www.VNMATH.com

Xét o= ~. Xét cdc day (a,) , (by), (co) 8, =b, =1, ¢ = f m eN")
2 21
bat S, = 1 + 1 + 1 = “:I LI = lim S§,= 0
ar (b, +c,) bi(c,+a,) ci(a,+b) n +1 2 n—= 2
Vi %ﬂig{ﬁi 2 Xét cac diy (a,) . (by), (c,)saocho a, =b, = % ,cn =n"(n eN")
L i
bat S, = ! + 1 + 1 = “? +n™ = lim §,= 0
a, (b, +c,) bilc,+a,) ci(a,+b) n +1 R—»+a0

Véy tap cdc gid tri @ cin timla (- =,—1] U [2;+ =)

Bai toin 6: Cho 3 sd thuc khéong am x,y,z thoa man diéu kién xtytz=1.

Chirng minh ring 0 < xy+yz +zx - 2xyz < %

(Dé thi Olympic toan Quéc té nam 1984)

Bai toan sau la bai toan tong quat cua bai toan 6

Bai toan 7: Cho s6 thuc k . Xét cac so thue khong am x,y,z thoa man diéu kién

x+y+z = | . Tim gia tri nho nhét va gid tri lén nhét cta biéu thirc

E=xy+vz+xz -kxyz

Loi giai cua bai toan 7 : Trude hét ta tim gia tri I6n nhat cua E . Theo bét ding
1

- a r X+ VT2
thire Cosi ta co 'T:_ﬂ xyz if-":gq_?

Giast xzy=>z
Trutmghop liv+z <x = (v+z-x)z+x—v)x+y-2)£0 < xz
Truomghop2:y+z>x = y+2z-x>0,z+x—y>0, x+y—-2z>0

Ap dung bat dang thirc Cdsi ta cd

\/{}' +z—x)(z+x—-y) <z, J{: +x—y)Nx+y—z)<x

J{.T +y—z)}y+z—x)<y, = (yt+z—xz+x—yNx+y—z)<xyz
Trong moi trudémg hop ta déu co
(y+z—x)(z+x—-y)x+y—z)<xyz

=(1-2x)(1-2p)(1-22) s xyz=Hxy+ yz+zx) —Ixyz £1
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= :::}-‘—}:—:‘f—%x}: g& . DAu "=" xay ra khi v chi khi x=y=z = % hodc trong
s0 X,V,Z ¢O mot sO béng 0 va hai s6 con lai béng %
Néuk< 2 thi E = Xy +yz + zX - E;;y;_{g_mxy;gl_{E_,{-]L
4 4 4 4 a4 27
= F El—i
3 27
Lo s .. e 1 ce s . . . 9—k
Dau "=" xay ra khi va chi khi x=y=z= 3 = 94 tri lon nhat caa E la BT
Néu k> 2 thi E= =xy+yz+ zx - Exy:—{g—k}x}: i_:l
4 4 4 4
— E £& Déau "=" xay ra khi va chi khi trong 3 sd x,y,z c6 mdt s6 bang 0 va

N Cad 1 ce ey L. .1
trong hai s0 con lai bang = Suy ra gia tr1 lén nhat cua E la 1

. O e e L. .1
f\cuk=1th1 g1a tr1 lén nhat cuaEIaE

Tiép theo chiing ta tim gid tri nho nhat cia E . Gia sit x> y >z = x 2%

Néuk< 0thi E = 0; E =0 khi va chi khi trong ba s6 x,y,z c6 hai s bing 0 va
mot s6 bang 1. Vay gia tri nho nhit cua E 1a 0.

NéuO<k<9thiE  >33(xyz) —hwvz =3z G- k3fxz) 2 0

E>0. Déau "=" xay ra khi va chi khi trong ba sb x.y,z c6 hai s6 bang 0 va mot s6
bang 1. Vay gi4 tri nho nhét cua E 14 0

Néuk=9thiE =xy + yz+ zx 9xyz

=yz (1-9x)+x( 1x) 2 “_:} (1-9x) + x(1 - x)
Taco L2 (1-0x) 4+ x(1-x) = 1—Txm_”3 >0=E2>0
Déau "=" xay ra khi va chi khi x=y=z = % hodc trong ba s x,y,z ¢6 hai sd bing

0 va mot s bang | . Vay gid tri nho nhat cua E 1a 0

Néuk>9thi E = xy + yz + zx 9xyz +(9-k) xyz >
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)k Déu "=" xay ra khi va chikhi=y=z=

=F=z l
27 3

Viy gi4 tri nho nhat cua E 1a =%

Chu y ring vo1 k = 2 ta nhan dugc o1 giai cua bai toan 6.
Bai toan 8: cho 3 s6 thue duong a,b,c . Chirng minh ring

1 3 3 % % % ¥ % ¥ - o -
a’+ b +c¢ + 3abc =z ab+ ab”+ac +ac” +bc+ be (4) (Bat ding thirc

Schur)

Lot giai cua bai toan 8

Pat x=—2 V= b L Z ¢ thi x,y,z>0vax +y+z=1
a+b+c a+b+c a+b+c

Bit dang thic (4) < 4( xy+yz+zx) -9xyz < 1 (5)
Theo ching minh trén thi bat dang thice (5) dung.

Viy bat dang thire (4) ding

Bai toan 9: Tim tat ca cac so thuce r sao cho bat dang thire

r+2 0+ r+—S >+

h+c c+a a+h

3

' (6) dung véi moi bd 3 sb thuc duong a,b,c

b2 | —

(Dé thi chon déi tuyén Viét Nam dur thi toan Qudc té nam 2009)
Loi giai
Gia str bat dang thirc (6) ding vdi moi bd 3 s6 thue duong (a,b.c)

Xét 3 day s6 (ay), (by), (c):a, =1.,b,=c, =n(¥neN)

1 n n |

() (F e — Vr+ > (r +-)°

Y Ef!}“ n—l”F ;:r—ljl y 2}
= lim [I{F‘—L}{F— ! yr+ ! }]}{;-_lf
H—s =0 n n+1 n+1 = 2

= r(r+l)’ z {r—%f

rz_l_“‘@
4

]
_—1-5

r=
4

Giasra, b,c>0vaatb+tc=1

(6) - rib+el+a rie+a)+ b r{a—e’;]—c:_)“‘_l]!

bh+e c+a a+h 2
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< [r+(1-r)a] [r+(1-r)b] [r+(1-r)c] =2 (r+—=) (1-a) ( 1-b) (1-c)

bd | —

o1 + 1 (1-1) +r(1-1)° (ab + be + ca) + ( 1-1)° abe > {;‘—%}3( ab + bc + ca - abe)

o [{F‘—%}l —r(l-r)*](ab+bc+ca)- [{r—%}! +(1-r)']abc < -

- P .2
< ab+bc+ca- 9{4;1 <! I}m’:uci,_gﬁ— (7)
28 = 2r+1 28 =2r+1
o(4r=2r+1 .
bat k= {’._ / }x-'aE=ab*bC*ca—kabc
28 =2r+1
veir> 25V posic r < ‘1;”’? thi 4r> +2r- 1 2 0
:}kgE
4

3. r " g_k 8‘:
Theo bai toan 7ta co E < = /
27 28r- =2r+1

Vay (7) ding véi moi a,b,c >0 ( a+b+c =1). Tap hop cdc gia tri r can tim la

_1+.5

)

Bai toan sau la mdt mo rong cua bai toan 7 .

Bai toan 10 : Cho so thuc k. Xét cac sd thue khong am a,b.c.d thoa man diéu

kién a+b+c+d = 1. Tim gi4 tri lén nhat va gia tri nho nhat cua biéu thire

E = abc + abd +acd+ bed - k abed
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