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Ky thuat Cauchy bat doéi
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Linh vyc bt ding thirc 1a mét linh vuc dwoc quan tim nhiéu nhit & toan so cip. Trong do6, cac dang bai toan
d6i xtmg hodc hoan vi 1a nhitng dang thuong gip nhat & linh vuc nay. Trong bai viét trudce, chung t6i da gisi
thiéu cung cac ban k¥ thuat CYH, mot k¥ thuat rat hay va manh dé glal quyet céc dang toan nay. Y tudng
ctia k¥ thuat 1a dua mot bat dang thic hoan vi (d6i xing) ban dau vé mot bat dang thirc hoan vi (ddi xtmg)
khac nhung d& ching minh hon. Pay ciing 14 didu ma moi nguoi hay lam khi sir dung bét déng thirc Cauchy
Schwarz-Holder. Thé nhung, dd bao gid cac ban thir dung Cauchy Schwarz-Holder @& dwa mot bai toan tir dbi
ximg sang bat di chua? Ddi véi phan dong cac ban dam mé bat déng thirc, hau hét déu chua thir qua véi viée
nay, vi n6 lam mét tinh tinh dbi xtg cua bai toan (mot tinh chat rat quan trong co thé dugc tng dung dé giai
dugc nhiéu bai toan). Tuy nhién, ton tai mot ky thuat nhu thé, mic du ta dua bai toan vé khong ddi xung nira
nhung ta van ¢6 thé giai dugc bai toan, d6 1a "K¥ thuat Cauchy bat di". Day 1a mot tim toi nhé cia ching t6i
vé nhing ky thuat sir dung bit ding thirc kinh dién. R4t mong nhan duoc sy trao ddi, dong gop ¥ kién cua cac
ban.

K thuat clia chung ta chi c6 mot y tuong don gian 1a sdp xép th ty cua cac bién trude. Sau do chi la sir dung
bét dang thire Cauchy Schwarz-Holder.

Dé 1am rd cho y tudng nay, ching ta s& xét nhitng vi du sau (ban s& thdy 1a y tuong hét stic don gian va dé
hiéu nén chiing t6i ciing khong binh luan gi thém & mdi vi du)

Vidu 1 Cho cdc s6 khong am a,b, ¢, khong cé 2 s6 ndo dong thoi bang 0. Chitng minh rang

1 1 1 9
e+ ) (s + rar ) 2 1

(Iran 1996, Ji Chen)

LOI GIAL Do tinh dbi ximg nén khong mét tinh tong quat, ta ¢ thé gia sir a > b > c. Khi do, sir dung bt
dang thirc Cauchy Schwarz, ta c6

LN S WA S > (a+b+20)?
(b+c)2  (c+a)? ~2\a+c b+c) 2(a+c)2(b+c)?

Nén ta chi can chimg minh duoc

2
(ab+bc+ca){ (a+b+2c) 1 }_Z

2(a+¢)?(b+¢)?  (a+10b)? =

Tir day, sir dung tinh thuan nhét, ta hdy chuan hoéa cho a + b = 1 va dit = = ab = 1>a>cl-c). Bét
dang thic tré thanh
(1+2c)*(z+c¢) 9

= - ~ L — >
flx)=z+c+ et @ +a)° 4_0

Ta co
(1+2¢)%(c+x—c?)

flw)=1- 2(c+ 2 +x)3




www.VNMATH.com

THE LOVE MAKES US STRONGER

(1+2¢)%(c—2c¢% + )

1
= >
(@) (c+c2+x)t 20
Nén f’(z) dong bién, suy ra
1 (2¢ — 1)(8¢* +20c¢? + 38¢ + 7)
")y <f (-] = <
fz)<f (4) (2¢ + 1) =0

Do d6 f(x) nghich bién, viy nén

1\ c(l—2¢)?
f<x)2f(4>(l—l—20)220

Bét déng thirc dwoc chimg minh xong. Ding thirc xay ra khi va chi khi @ = b = ¢ hodc a = b, ¢ = 0 hoic cac
hoan vi tuong tmg. 0

Vidu 2 Cho cdc sé khéng dm a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chirng minh rang

b+0?  (cta)? (a+D)? .
a?+bc b2 +ca c2+ab —

(Darij Grinberg)

LOI GIAL Do tinh d6i xtmg nén khong mét tinh téng quat, ta co thé gia sir @ > b > c. Khi dé, s dung bat
dang thtrc Cauchy Schwarz, ta c6

(b+c)? (c+a)2> (a+ b+ 2c)?
a?+bc  b2+ca ~ a?+b2+cla+bd)

Nén ta chi can chimg minh dugc

(a+0b)? (a4 b+ 2c)?
2+ab  a?+b+cla+d) —

Tir ddy, st dung tinh thuin nhét, ta hiy chudn héacho a +b = 1vadite = ab = + > 2 > e(l—c¢). Bit

dang thuc tré thanh

1
4
2
1 (L+29° _
x4+ 14+e—2z ~
& flr)=1222 — (T+2c— 16z + 14+ c— 5% — 23 +4¢* >0

Ta co
f(x) =242 — 7 — 2¢ + 16¢2

Xét céac truong hop sau
Truong hop 1. 16¢*> — 2¢ — 1 < 0, khi d6

f/(x) =6(4x —1) + 162 —2c—1 <0

= )2 £ (§) = e+ 2001 - 2 2 0

4
Truong hop 2. 8¢*> — 22¢ + 7 < 0, khi do
fl(z) =242 — 7 —2c+ 16¢* > 24c(1 —¢) — 7 —2c+ 16¢* = —(8¢2 —22¢+7) > 0

= f@) 2 fe(l— ) = (1-2¢)° >0
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1662—26—120 5 \/ﬁ+1 11_\/@ 3 ., i
82 —22¢+T7>0 S 15 < e S g2 < g, khido tacod

Truong hop 3. {

_ 74 2¢c — 16¢2

!/
=0
() e 5
T day, ta dé dang suy ra

7+ 2¢ — 16¢2 1 1
flx)>f (4—0246) = —4—8(1 — 20¢ + 2062 + 32¢% + 6404) = —@g(c)

D@ thiy g(c) 1a ham 16i nén

(c) < 5 3 1751 47 <0
max — = =max<{ ———,—— .
GO =M\ 16 )98 P\ 10247 64
Bét ding thirc duoc ching minh xong. Ping thirc xay ra khi va chi khi @ = b = ¢ hodc a = b, ¢ = 0 hoic cac
hoan vi tuong tmg. 0

Vidu 3 Cho cdc sé khéng dm a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chirng minh rang

1 1 1 9
> .
62+bc+02+62—|—ca—|—a2+a2+ab—|—62 T (a+b+0)?

(Vasile Cirtoaje)

LOI GIAL Khong mét tinh téng quat, gia st @ > b > ¢. Khi d6, st dung bt diang thirc Cauchy Schwarz, ta
duoc
1 1 (a+ b+ 2c)?

>
(b+c)?(a? +ac+ c?) + (a+ ¢)2(b2 + be + ¢?)

a? + ac + c? + b2 +bc+c?
Nén ta chi can chimg minh duoc

(a+ b+ 2c)? N 1 - 9
b+e)(a?4+ac+cA)+(a+c)?2(b2+bc+c?)  a?+ab+b?2 ~ (a+b+c)?

Do tinh thuan nhat nén ta ¢6 thé chuén héa cho a +b =1, datz = abthitacd 3 > 2 > ¢(1 — ¢). Khi d¢, bét
déng thtc trén tré thanh

(1 +2¢)? 1 9
_ _ >0
/(@) 222 4 3cx + 2¢* + 3¢3 4 2¢2 1 -z (1+4¢)?2 "~
Ta co
f(2) = — (14 2¢)%(3c + 4x) 1
(222 4 3cx +2¢* + 33 +2¢2)2 T (1 — )2
() 2(1 + 2¢)?(1222 + 18cx + 52 — 6¢% — 4c?) 1
xTr) =
(222 + 3cx + 2¢* + 3¢3 4 2¢2)3 (1—z)3
Ma

1222 + 18¢cx + 5¢% — 6¢3 — 4c*

v

12¢2(1 — ¢)? +18¢*(1 — ¢) 4 5¢% — 6¢3 — 4c*

1
c*(35 —48¢ +8c*) >0 (do 3zc2 o)
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Nén f"(x) > 0, suy ra f’(x) dong bién, do d6

) (1) 16 64(1 + 3c)
fla) =/ (4> T T (1420211 2¢+ 4c2)2
_ 16 64
9 (1420)2(1+2c+4c?)?
S 30 |
9 (14 2¢)%(1 4 2¢ + 4¢?)?
16 36
S 9 [1_ (1+1)2(1+1+12)2} =0

Suy ra f(x) nghich bién nén

1\ 8 4 9  (1—-20)%(4c% +14c+1)
f(x)2f<4> TAZt2c+1 3 (I+0? 3t 1R@AEt2c+1) ©

Bét déng thirc dwoc chimg minh xong. O

Vidu 4 Cho cdc sé khéng dm a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chirng minh rang

1 1 1 2
a+b+c + + >4+ —.
( )<\/a2—|—ab—|—b2 Vb2 + be + 2 \/02+ca+a2> - V3

(V5 Quéc Ba Can)

LO1 GIAL Khong mét tinh tong quét, gia stt @ > b > ¢. Khi d6, sir dung bat ding thirc Holder, ta dugc

1 . 1 N (a+b+2c)3
V2 +be+ed VR +ca+a®  \ (a+e)P(0?+bec+c?)+ (b+c)3(a? + ac+ c?)

Nén ta chi can chimg minh duoc

(a+b+2c)? N 1 _ 2(2vB+1)
(a+c)3(?+be+c?) +(b+c)3(a®> +ac+c?)  VaZ4+ab+02 ~ V3(a+b+c)

Chuénhéachoa+b=1,ditz =ab= 1 >z > ¢(1 — c) thi bat ding thirc tré thanh

@) = (14 2¢)? L1 C2(2v3+1) -
V(A +4e)z? +ex(l4+3c—232)+ 20 +4ct +43+2  VT—x  V3(1+¢)
Ta co
o) = - [2(1 + 4c)z + ¢+ 3¢% — 2¢%](1 + 2¢)3/? N 1
© 2[(1 4 4c)2 4 (1 + 3¢ — 2¢2) + 2¢5 + 4ct 4+ 43 4 2]3/2 T 2(1 — x)3/2
7(w) = (1+20) 74 T
©4[(1 4+ 40)2? 4 cx(1+ 3¢ — 2¢2) + 2¢5 + 4ct + 4¢3 4 2]5/2 T 4(1 — x)5/2
voi
A = 8(1+4c)?z? 4+ 8ca(1 4 4c)(1 4 3¢ — 2¢%) — c*(20c* + 108¢® + 65¢* 4 14c + 1)
> 8c¢%(1—c)*(1+4c)® +8c*(1 — ¢)(1 + 4c)(1 + 3¢ — 2¢2)

—c2(20¢* 4 108¢® + 65¢? + 14c + 1)

, 1
A(172¢" — 444¢® — 33¢® 4+ 82¢ 4+ 15) > 0 <do 3zc= 0)
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Nén f"(x) > 0, suy ra f’(x) dong bién, do d6

, el 16(2¢2 —4c —1 4v/3
flo) < f <4> T +20)(2(1 +20+4():2)3/2 T
16(2¢? —4c —1) 4/3 4 4(2¢% —4c—1)
S Arer(iriap2 9 T 3a T T Gxaep
44 —4e—-1)
V3(1 4 2¢)2

Suy ra f(x) nghich bién nén

1\ 4 2 2(2v3+1)
f“”)Zf()‘ng‘mm

Nén ta chi can chirng minh duoc

4(c+1) 2 2
— 2+ (cH+1) >4+ —
Va2 +2¢+ 1 \/3( ) V3

1
V3 Vac? +2c+1

1 6c>
& —c >

V3 T 42+ 2c+ 1+ (c+ 1)VAE +2¢+ 1
42 +2c+ 1+ (c+ 1)V4e2 +2c+ 1> 6V3c

Ta co

21
VA2 +2c+1>c+1, 6V3c< e

Nén ta chi can chimg minh duoc
21
4¢* +2c+ 14 (c+ 1)2 > ?c

1 1
< —(1—-2¢)(4—5¢) >0 (dﬁngd022020>.

[\

Bét dang thirc dugc chiing minh. Dang thuc xay ra khl va chi khi a = b, ¢ = 0 hodc cac hoan vi tuong ng.

Nhéan xét. Xem xét 101 giai nay, nhleu ban s€ cho rang 101 g1a1 quéa phirc tap, nhung trén quan diém ca nhan,
chiing t6i cho rang 16 giai nay ciing rat "don gian". Ban chi cn thanh thao ky thuit tinh toan dao ham thi c¢6
thé d& dang lam duogc bai nay theo k thuit cua ta. O

Vidu 5 Cho cdc s6 khong am a, b, ¢, khong cé 2 s6 nao dong thoi bang 0. Chitng minh rang

242 + 5be n 2b2% + 5ca . 2¢2 4 5ab S E
(b+ ¢)? (c+ a)? (a+0b)2 — 4°

(Pham Kim Hung)
LOI GIAL Khong mét tinh téng quat, gia sir @ > b > c. Ta c6 bat dang thirc tuong duong voi

2a? + 5bc 2b% + 5ca 2¢2 + 5ab 37
(b+c)? (c+a)? (a+b)? — 4

2
2¢* 4+ bab 2%

1 1 9 a
(a+c)? + (b+c)2} + C[(b-ﬁ-c)? + (a+c)2} + (a+b)?

& 2(a® +b* +2) {
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Str dung bt dang thirc Cauchy Schwarz, ta c6

LR N I S > (a+b+20)?
(a+c)2 (b+c)2 = 2\a+c b+c) 2(a+c)2(b+c)?

v

2
b 40 (a«lk + lerc) B ab(a + b + 2c)?
(b+c¢)?  (a+c)? +

Q= ©

i "~ (a+Db)(a+c)2(b+c)?

Nén ta chi can chirng minh duoc

(a2 + 0%+ c%)(a+ b+ 2c)? N 9abc(a + b+ 2¢)? 2¢2 + 5ab 37
(a+c)?(b+c)? (a+b)(a+c)2(b+c)2  (a+b)?2 ~— 4

Chuén héachoa+b=1vaditz =ab= 1> 2 > (1 — c). Bit ding thic trd thanh

2 2 2
(14 c¢* —22)(1+2¢) 9cx(1 + 20)2 Ce 2> %

(c+c?+2)? (c+c2+x)
14 ¢+ (9¢ — 2)x](1 + 2¢)? 5 37
< f(x) ctta) + 5z + 2¢ 1 >0
Ta co ) X )
, — 52 — _
Fla) =5 [2 4 2¢ —5c¢* —9¢® + (9¢ — 2)z](1 + 2¢)
B (14 c+x)3
() = 2[3 + 4c — 11 — 18¢3 + (9¢ — 2)z](1 + 2¢)?
N (I+c+ax)*

Néu 9¢ > 2 thi ta co
3+4c—11c2 =183 4+ (9c — 2)x > 3 +4c—11c% —18¢% 4 ¢(1 — ¢)(9c — 2)

2
= 34227 =¢" <33+2—27>
C C

3 2
> &+ g ) =50 20

Néu 2 > 9c thi ta ¢6
1
3+4c—11c* —18¢* + (9¢ — 2)x > 3—&-40—1102—1803—&—1(90—2)
1
= 1(10+25c—4402—7203)
1 5 1
> 1(10—1-30—720) do§>c

1,/10 3

i
1,/ 10 3 s
1 (ar e ) =50 20

Y]

Vay nén f"(x) > 0, suy ra f’(x) dong bién, do d6

— 3 2
Fla) < f <i> _ (2c—1)(40¢c (—2"_(:3—f816)4+ 4le+91) _
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Suy ra f(x) nghich bién nén

1\ 2c(c+2)(2¢—1)?
fl@)>f (4> = (2c+ 1) > 0.

Bét dang thirc duoc chimg minh xong. Pang thirc xay ra khi va chi khi a = b = ¢ hodc a = b, ¢ = 0 hoic cac
hoan vi tuong tmg. O
Cudi cung la mot so bai tap tu luyén, xin dugc danh cho cac ban

Bai toan 1 Cho cdc s6 duwong a, b, c. Chitng minh rang

ab n be n ca
a2 4+0b24+3c2  b2+c2+3a2 2+ a?+ 302

<32
-5
(Pham Kim Hung)

CHU Y. Bai nay ¢ dang thirc xay rataia =b=cvaa=0b= %c nén khac véi cac vi du trén. Vay thi ta phai
lam thé nao dé ap dung k¥ thuat nay? Cac ban hiy thir suy nghi xem nhé! g
Bai toan 2 Cho cdc s6 khong dm a,b, ¢, khong c6 2 s6 ndo dong thoi bang 0. Chitng minh rang

b+c c+a a+b S 6
a2+bc b2 +ca c2+ab " a+b+c

(Vasile Cirtoaje)
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